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IBOB. OLIY ALGEBRA

L.1. Determinantlar va determinantlarning asosiy xossalari.

Yugori tartibli determinantlar.,

(an asz
a a,

kvadrat jadval ikkinchi tartibli kvadrat

To’rtta sondan iborat

ichi matritsa deyiladi. :
determil;lqntcl:; 't)artlbh kvadrat matritsaga mos keluvch; ikkinchi tartibli
‘ ant deb quyidagi belgi va tenglik bilan aniglanuvchi songa
aytiladi :
a, alz|
4, a 4,9, —-a,a,.
Shunga 0’xshash ushbu -
a4, @, a;
@ Gy Gy=a)a,,a;, +a,,aa,, +a,a,,a,, -
G Gy, Gy

. T 83185013 — 8,,0,05; — 3,054, .
ifoda uchinchi tartibli determinant deyiladi. Bu ifodaga musbat ishora

bilan kiradigan har bir ko’paytma, hamda manfiy ishorali ko’paytmalar |

ko’paytuvchilarini  alohida-alohida  punktir chiziglar. - yordamida

tutashtirib, uchinchi tartibli determinantlarni hisoblash uchun xotirada )

oson saglanadigan «uchburchaklar qoidasi»ga ega bo’lamiz (1-shakl).

o |[a A .»
® o o =o'\*:;/>o - z,f%:
e o o o”q \\ \ ;)‘\Q‘xﬁ s
1- shakl |
Determinant &;  elementining M & Mminori deb, shu

determinantdan bu element turgan qator va ustunn

. - 1 o’chirs o e
hosil bo’lgan determinantga aytiladi. o’chirish natijasida

N3l

'
|

Determinant 4, elementining algebraik to’ldiruvchisi

A= (—I)W‘ My

munosabat bilan aniglanadi.

Determinantlarning asosiy xossalari: o

a) agar determinantning barcha satrlari mos ustunlari bilan
almashtirilsa, uning qiymati o’zgarmaydi; o

Keyi:,gi xosgs:laymi ta’riﬂishda satrlar va ustunlarni bir s0’z bilan
gator deb ataymiz.

b) agar determinant nollardan iborat qatorga €ga
iymati nolga teng bo’ladi; .
e c) agir detegrminant ikkita bir xil parallel gatorga ega bo’lsa, uning
qiymati nolga teng bo’ladi; N '

d) agar determinant ikkita parallel gatorining mos e’lem.entlan
mo’tanosib (proporsional) bo’lsa, uning qiymati nolga teng, bo’ladi; o

¢) biror qator elementlarining umumiy ko’paytuvchisini
determinant belgisidan tashqariga chiqarish mumkin; o

f) agar determinant ikkita parallel qaton.nmg o .nnlan
almashtirilsa, determinant ishorasini qarama-garshisiga 0'zga.rtlr.ad1;

g) determinantning giymati biror qator e]'em.entlan, bilan Shlf
elementlarga  tegishli  algebraik  to’ldiruvchilari ko paytmalari
i indici . |
v m(gsliga;::sga determinantni qator elementlari bo"yicha yoyish
deyiladi. Undan determinantlami hisoblashda foydalaniladi. '

h) biror gator elementlari bilan parallel.qa.tqr mos eclementlari
algebraik to’Idiruvchilari kowpaytmalaﬁning.yig’ indisi 1.1olga teng. —

i) agar determinant biror qatorining har bir elem_entl iqu
qo’shiluvchining yig’indisidan iborat bo’lsa, uxl'lolda.l dc?termm?t. "
determinant yig’indisiga teng bo’lib, ulaming biri te?gzsbb.qator irinc
qo’shiluvchilardan, ikkinchisi esa ikkinchi qo’shlluvchxlardan iborat
bo’ladi. Masalan,

bo’lsa, uning

| ay,i
la,,a, + bas| @ % ay| lay b @
= b, a,!
a,a, + b,a,| =18y G Axn|tin %2 %
a,, b, a
las@;, + b,ay| |y 2 93 5, Dy G
7



J) agar determinantnin

] g biror qatori elementlariga parallel
qatorning mos elementlarin;

. biror  0’zgarmas songa ko’paytirib
qo’shilsa, determinantning giymati O’zgarmaydi. Masalan:
4 a, a, a, q, @3
D1 Ay ay|= @ azz Qy
G @, a4y g, +a, a, +a), a, +Aay,
(nxn) ta sondan iborat ushby
4 a4, .. g,
D1 Ay .. a,
4 4y .. a,
anl anz b ann
jadval - iqrpy

kvadrat matritsq deyiladi,
uyidagi belgi va tenglik bilan

¢ aniqlanuvchi songa .
aytiladi
a, a, @,
4 a, .,
A= a a,; a,1=a,4, + Qpd, +.. + a1, 4y,
anz anz i ann
Bandda keltiril

gan  Xxossalaming hammasi
determinantga tegishlidir.

ikkita usulini keltiramiz:

istalgan tartibli
Ixtiyoriy tartibli determinantni hisoblashning

v ) ,
1. Determinant tartibini pasaytirish usuli — déterminant biror
qatori elementlarining bittasidan boshqalarinj oldindan nolga aylantirib
olib, shu gator bo’yicha yoyish usuli. o

Uning n- taribii

1-misol. o
3 -1 12 8 3 -1 12 3
Al 3 -3 =23 14 0 3
ll L3 -11714 0 15 o7
IR I N P
8

RN

4 2 1 14 2 1
=04 15 1=[0 13 0=‘
-3 2 4 7 30

0 13

=91.
-7 3o|

Berilgan misolni maple orqali yechamiz:

with(Lineardlgebra) : )

A ==(Matrix(4, [[3,-1,12,8], [-5,3,-34,-23], [1,
1,3,-7],[-9,2,8,-15]])

.
b

[ 3-1 12 8]
-5 3 -34 -23
A= 1 1 3 -7
-9 2 8 -1i5
> Determinant(A);
91

2. Determinantni uchburchak ko’rini.?hga . kel;iris: ; hu.:;li
determinantni shunday almashtirishdan iboratki, uning l ostiriladi >
nalidan bir tomonida yotuvchi hamma elementlari nolga aylan
uchburchaksimon shaklga keltiriladi, masalan

a“ alz b alll
0 Ayy  eee Qay
A=
0 0o .. a,

. . ..  bosh
Ravshanki, uchburchak shaklidagi determinantning qtymati bos
diagonallari elementlari ko’paytmasiga teng: .
A = an ¢ azz *eee’ a,m.

2- misol. » s 3 4 1 23 4
0 2 5 90259 ,,134
-2 -4 -6 0] 0 O 0 8
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|
% 0 4 4 -1 1 -6 |
27.23125; 28-30—21' J
-3 4 1 3 1 3 4 s 1
-1 2 1 =3 5 -3 -1
3
2 -4 2 3 -6 3 2 4 1
2, -1 -6 2f I 2 -5 -3
4 5 1 _4) 30'2-411'
1 3 1 9 -1 0 1 =2
1
3. Ikki va uch noma’lumli chizigli tenglamalar sistemasi

Kramer qoidas;, Gauss usylj

Ikki noma’lumlj ikkita chizigli tenglamalar sistemas;
=},
= b2

a4x +a,,x,
Gk + X,
4,

a,

ning bosh determinantj A =

#0 bo’ lganda, Yagona yechimga |

a;, a,, \
€ga va u Kramer qoidasi bo’yicha quyidagi formulalar bilan hisoblanadi: ‘
A ,
X = "i, X, = ._x:_’
bu yerda A A
o @ " | &
b aZZ az| bZ .

Agar A=0 va shu bilan birga A, , A, lardan aqalh bittasi no]ga
teng bo’Imasa, sistema yechimga ega emas. i
Agar A= A, =4, =0 bo’lsa, u holda berilgan sistema .cheksiZ /
ko’p yechimga ega bo’lad:.
Uch noma’lumli uchta chizigli tenglamalar sistemasj
@X + X, +a,,x, = b,
Q% + 85X, +ayx, = b,

Gih +ayX, +a,.x, = b,
- 12

'r“

|
i
|
|
|
\
|
|

' ning bosh determinanti
a, a, a,
A=la,, a, ay#0
a; Gy 4y

bo lganda yagona yechimga ega bo’lib, bu yechim Kramer formulalari
bilan hisoblanadi:

| AT TR AT A
| bunda
b a, a, a, b a, a;, a, b
Ax. =b, a, @55 Ax, =lay, b, ay) Ax, =lay, a,, b,
b, a, a a, b, ay a;, ay, by

Agar A=0 va A, A, A, determinantlardan aqalli bittasi

| holdan farqli bo’lsa, u holda berilgan sistema yechimga ega bo’Imaydi
| Va bu sistema birgalikda bo’lmagan sistema deb ataladi. Kamida bitta
; ! Yechimga ega bo’lgan sistema birgalikdagi sistema deb ataladi.

1-misol. Chiziqli tenglamalar sistemasini yeching:

-2x, +x; =4,
3x, +2x, —x; =8,
2x, - 3x; +2x; =—6.
Yechish. Determinantlarni topamiz: _
-2 l’ 1 -2 1
g -
=3 2 -1=0 8 -4= =4.
i 0
2 3 2/ p 1 0

Determinant A=4+0 bo’lgani uchun sistema yagona yechimga

, ©82va Kramer formulasini qo’Hab, uni topamiz:

4 2 1| |4 =21
4 0
6 3 2|12 1 @

13



I 4 1] 1 4

4,=3 8 -1=lo 20 - H_¢
2 6 2 2 of 1% O
1 2 4 2 4

A,=B 2 8l|=o g 29|=f 20'=-4,
23 g Jo1 o2
A

xl= % =l, xzz—i=

A

Berilgan misolnj maple orqali yechamjg:

> with(LinearAlgebra) :
> 4= ((l’ 3, 2)’(_2’ 2:—3)

> d = Determinant (4);

> wizh(LinearAIgebra) :

I(l"‘l' 2));
1 -2
3 24

12-3 2

d:=4

> Al = ((-4,8, 6)|(-2, 2,-3)K1,~1, 2));

Ai =
> = Determz‘nant(AI);

> with(Lz’nearAlgebra) :
> A2 = ((1,3,2)[(~4, 8,-6)

-4 -2
8 2 -j
6 -3 2

x:=4

1(1,-1, 2));
1 -4 1]

A2:=13 8 -t

> y = Determinant(A2);

> with(LinearAlgebra) :

2 -6 2

y:=8

> 43 = ((1, 3, 2)'(—2: 2,"3)!(_4’ 8’—6));

14

1 -2 -4
A3:=[ 3 2 8
|2 -3 -6
> z := Determinant (A3);
z:=-4
>al == a2 —%;03 ='Tzi';
al =
| a2 =2
‘i a3:=-1

7 ta noma’lumli n ta chiziqli tenglamalar sistefnasin.i n m]::
i atta (n >4) qiymatlarida Kramer qoidasi bilan yecl.ush bir necbl'
WYuqori tartibli diterminantlarni hisoblashni talab etadi. ‘Shu sabad i,
Pbunday sistemalarni yechishda Gauss usulidan fc?ydalamsh ma,cllsa lga
imuvofiq. Bu usulning mohiyati shundan iboratki, unda nor]n‘:li1 uzlzl:
;ketma-ket yo’qotilib, sistema uchburchaksimon shaklga. keltirila b ’lidi
;isistema uchburchaksimon shaklga kelsa, u yagona yechlmga'egf;,o 01 p
V8 uning noma’lumlari oxirgi tenglamadan boshla:b tOPIbk m::ke;
n(Sistema cheksiz ko’p yechimga ega bo’ls'a, noma’lumlar ke
Y0O’qotilgach, u trapesiyasimon shaklga keladi.)
! 2- misol. Ushbu
X +X, +5%,+2x, =1,
X, + X, +3x, +4x, =3,

2x, +3x, +11x; +5x, =2,

| 2x, +x; +3%; +2x, =3,
 Chizigl tenglamalar sistemasini Gauss usuli bilan yeching. .
’ Yechish. Ikkinchi, uchinchi, to’rtinchi‘tenglamalafdanzxx lzam;
YO’qotarniz. Buning uchun birinchi tenglamani ketma-ket -1,2, - 2 g
0" paytirami i ikkinchi, uchinchi, to’rtinchi tenglamalar
| .- Paytiramiz va mos ravishda i kinchi, Loy
Plan qo’shamiz, Natijada ushbu sistemaga ega bo’lamiz:

15

v
&
24



yoki

so'ngra to’rtinchi tenglamani -6 ga ko’paytirib, uchinchi tenglamaga |

X +x, +5x; +2x, =1,

2x; =2x, =4,
X +x,+4+x, =0,
=X, = Tx; = 2x, =-5,

L
X +Xx, +5x; +2x, =1,

X, +x,+x, =0,
X, +Ix, +2x, =5,

. L X —x, =2,
Uchinchi tenglamadan ikkinchi tenglamanj ayiramiz:
Jx, +X, +5x, +2x, =1,
X, +x +x, =0,
l 6x; +x, =5,
X=X, =2,

qo’shsak, uchburchakli sistema hos;] bo’ladi:

X+ X +5x; 4+ 2x, =1,
Xy k% +x,=0,

X;—Xx, =2,
Txy =7
Bundan,
Xp=iy
X =24x,=1,

X, =—x,-x,=0,

X =1-x, -5x, - 2x, = -2.

Shunday qilib,

X ==2,x,=0,x=1x =1

Berilgan misolni maple orqali yechamiz:

> with (LinearAlgebra) -

> A= (115 2)(1, 1,3,4)[(2,3, 11, 5)|(2, 1, 3, 2));

16

11 22

11 31
4= 53113
24 52
> d = Determinant(A4);
d:=66

> with ( Lineardlgebra);
o Al=({1,-3,2, 2)}(1, 1,3, 4)|{2, 3, 11, 5)[K2, 1, 3, 2)):

i1 2 2‘
-31 31
L= g
)4 52
> dl = Determinant (Al);
di = -143

> with (Lineardlgebra) :

, 42:= ({1, 1,5, 2){1,-3,2,2)1(2, 3, 1L, B L 3 e

N

i
H

2)); o
v = g"::
=ESb
11 22 it
2=¢ -
1 -3 31 AN =]
AZ2:= BoxsE g
15 2113 zi’é?é’.ggg
. Ogsfi 'u_'
.2 52 E"*—S‘ff_ﬁj
Lo~
= d2 = Determinan{{A42); E&b%ﬁ g g
d2:=-23 CZIez O
> with (L bra) =g |
with (LinearAlgebra) : i >
( 2 3 = |

S 43:= (1, 1,5 D1 1,3, HI1L-3,2, 212, 1. 3, 2%

R, |



> with (LinearAIgebra) :

11 12
11 -31
B=l53 53 |
24 22 “!
> d3 := Determinant (43 ) |
d3 =66 i

Eo LS UL L3, 4)12,3,10, 5)(1,-3, 2, ‘

11 2
ag| 11 33 |
5311 ZJ }
24 5 2 |
> d4 := Determinant( 44); :
d4:=10 ;
>xq:=-1; \
x4 =-1 |
> x3 =2+ x4;
x3:=1 »
> x2 :=-x3 — x4, |
x2:=0 ‘
>xli=1—x2—5x3— 2-x4;
xl=-2

1.4. Mustaqil ishlash uchun topshiriglar

1—topshiriq. a) Kramer giodasi bo’ yicha; b) Gauss usuli; O)
matritsalar usuli bilan tenglamalar sistemasini hlsonlang
2% +3%, =X, =—6, i
1) 1% +2%; +x; =5,
X, +6X, +3x; =—].

1 — 2%, =X, =-5,
2) ?:xl +4x, +2x,; =0,
—2X, +5X, + X3 =7.

8

(4, +2x, —X; =-1,
3) {-3%;—%X, +x3=—1,
X, +4X, +5X; =-8.
(-2%, +x, - 3x3=-11],
X, + 3%, = 6,
3%, - 5%, - X; =3.

4

(2%, —x, + %, =10,

5) {3x, +2x, —x; =-14,
(~X,; +3%, +2%;=6.
(4%, —x, +3%, =5,

6) {X; +2x, +4x, =0,
|3, +3x, —5%; =—11.
(—5%, — 2%, + X;=~-10,
7) 4%, +3%, - 2%3 =7,
=X, —6X, +5x; =2.

8) 15x, . +2x,=18,
(3%, +%x, —6x; =—7.

—2X, +5%; =-12,
9) { X, +3%, +7x; =2,

10) {-3x, — 6%, +2%; =5,

(4%, -3x, —X3 =2,
2X, +8x, +5x; =12.

2, —3x, —4x, =21

3%, + 7%, —X3 =—2,
12) 8x, -3x, +4x =-9,
2%, +5%, +6%; =-3.
—2x, +4%, + 7% =2,
13) 5%, +3%, +%;=8,
4x, +9x, +2x;=-8.

3%, +6%, +X3 =1,

14) {~4x, -5, +2%; =-2,

| 3x, +4x; =-2.
(—7x, — 2%, +5%3 =—11,
15) {%; +4%, +3%, =9,

3%, — X, +4x; = -1.
(—8x, +X, +5%; =4,
16) 3% —2X ~X3 =2, ~—
“-4;}‘+ 5%, —3%x, =20
'4x! +X, —5%3 =T,

17) {-3% +2%; +4%; =5,
2%, +9%, —X; =5.

(—x, +3%, +2X; =-1
18) {3%, 5%, ~%; =0,

L4X1 -—8X2 +X, =3.

7x, —2X, —3%3 =0,
19) $5%, +4%; +2%; =-16,
4%, + 5%, —6%; =—3-
(ax,+ 5%, ~%; =11,
20) {2%, ~3%, +7x3 ==,
—x, +4x%; —6x; =11.




) (%, +2X, —X;—3X, +X5=4,
X ~4x, +3x; =1, 2%, +x, —4x; =9,

21) 1-5%; - %, +6x, =21, 26) {-3x +5x, —x; = 26, 4973% — 6%, 2, +3x:;x5 =2
(2% +3%, ~Tx, =17, %, - 6x, ~ 7T, = ~29. (K = 2%y~ 3%, X5 =0
[y +5x, =13, 8x,—Tx,+%, =9 | 5%, +3X, — X3+ 2X4 + X5 =3,
22) 12%, =X, +6x, =14, 27) 2%, +3x, —4x,; =16, 1 5.1 %= 4%, + 2% 4%, + X5 =0,
(=2, +7x, +4x, =4, 5%, +4x, — %, =6. } 2%, +X, + X3 - 3%, X5 =13
[~x,+3x, —X3=2, (5%, —x, —10x; =-2, i (2%, +5%, +3%3 —X4 + X5 =2,
23) 16x, ~4x, +3%y =7, 28) X, +2%, —X; =—5, 6.4X; —4X, — 2%, + 5%, + X5 =3,
3%+ 5%, - %3 =4, 4, +3%, +X,; =5. |-3x, +6x, +4%; +3%, +3x5 =4
(7%, +8%,~ %= 22, (6%, —x, +8%, =7, (4%, +2X, +3X, =X, +5%5 =2,
24) 13%;+x, - 4x, = 5, 29) {-x, +3x, -x, =-10, : 7.43x, =X, + 5%, + 2%, =1,
L,Zx' A%, + 3%, =2, (4%, +2x, + 5%, =-3. |2%,13%; + x4+ 5%5=-3;
X, +4X, —x, =— [ - | .
25) <3x:+5x:+3;3 =5]’ 30y, ’—‘;:2:1:32; =: i 2%, + 2%, = 3K + X, — X5 =4,
(X +6x, —4x =:20 6x :—x :-Zx 3’= 14, " > r(l +I% R ~2xg 3% 70,
} ‘ G T R T eX 5= A% ! X, —11x, —=9%; —x, +2x5 =1.

- e _ _ _ - 2’
2 - topshiriq. Tenglamalar sistemasini yeching, 5 o, };2 3% );4 +2%s i
. —-X"i- XZ—X3+ X4—XS=_ ]
4%, -2 X3 X, +3x, =1, i 2%, + TX,y — TX4 +15%,+ 2%5=0;
Xy +3x, -x, +5x, + 2x5=-2,

;3;(1 1%, - 3%, 4+ 2%, ~ x4 = 0; 10. {3%, + X, + 2%, — X, +4%5 =1,

X, —4x, — =
X; +X, + - ( =5
3 1%y +4x;+%, 2x5=3, ~TX, + 2%, + 3%y — Xy + 4X5 =D,

{ X1—13x2—13x3+5x4+x5 =2. ‘ , 11, 92%) —x, +2%3 —5%, — X5 =-3,
3%, +x, ~dxy+x, 42, =5, A
3. —2x1-3x2+6x3 ‘X4~5x5=_1 ‘

Xl—2x2+2x3—3x5 =2 ’

| —5%; + 2%, = X3 + 4%, — X5 =2,

(=X, —~ X, +9%;-16%X, +X; =0;
(3%, + 2%, —4%X; — 5%, + X5 =1

%, — T, +10%; + 2K, + 3% =4.

21
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[8x, - x, *2%3 +4Ax, +3x, =,
14. 4

2

15. ¢ 3x, +2x, +6x, — X4 +4x, =-3,
5

%) ~12x, +4x, +9%, +2x, =2;

9x, +4x, ~35%, ~7x, +X5 =0,
16. “43(1 + zxz + 3X3

X, +8x2+x3—11x4+2x5=3_

loxl ‘sz +5x3
17. {3%, +5x, ~3x,

—X4 +2x5 =-3,
-2x, ~X. =2,
—6x, +x, +X, +3%, =0,
[—6):1 +4x,-7x, +Xy = 2%, =,
18. Sx; —2)(2 +4X3 +2x4 ~x =2,
3%, +2x, —2x3+8x,

[—61«l +5%,~3x, + 2%,~x, =2
19. 7x, -X, ~2,(3

L‘l +4x, ~5x,4

- 7X5 =-3,

~5x, +Xg =],
..3x4 + 2"5 - 5;
T, Xy ~5%, X5 =,
20. §3x, +6x, ~X3+2x, 4 =3
2% +20x; —x, 9%, +5x, =0,
[SX] -3x, —6)(3 +x,

§4x5 .:1?
21. 2—2){, ~X,

+4x, —

4x3 X4 +2x5 - —I,
4%, ~9%, ~X, <9y _

X; = 9%; — X, 2x; =5;

22

(X, ~4x, +17x, -2x, +21Ixg = -2,

=2X, +7X, —4%X; — X, +6X5 =2,
22. §-3x, + 5%, +4%, — X, — 2%, =1,
=X, +13x, —28x; +2x, +X5 =3.
[—%; + 3%, + 7x5 — 2%, — X5 = =5,
23. 12X, +4x, — 5%, + X, +3x5 =2,
14:{, - 6x, —X; +2x, —5X;
J3x, —2X, +4%, —X, + 6% =4,
24. <4x%, — X, — 2%, + 5%, — x5 =2,
(~X; =X, — 6x; — 6%, + 7x; =—1.
[8x, — X, +6%; +2x,4 +3x5 =3,
25. {3%, +2X, — X3 +5x, ~ X5 =2,
(X, + 7%, —9%; + X, + 6%, =0;
(4%, —x, — x5 + 2%, —3%; =6,
26. {5%, +2x, +2X; —2X, + X5 =2,
3x, —4x, —4x; +6x, —Txs =-1.
(~9%, + 5%, —x, +2%, — 7% =3,
4x, +3x, —8x; — X, + Xs=-2,

A

27.
(—X; +11x, —17x, -5x5 =—1;
(2x) — X, —X, — 2%, +7X5 =6,

28. $5%, +2x, + X, — 6X, - 3%; =2,
(X) —5%, —4x; +24%, =2.

5%, —4x, —4x, +3x, +2x5 =7,
29. 92x; —x, +2x, —5%, + X, =5,
(X; —2X, —8x, +13%, =4;

(3%, ~ 7%, +5%,-2x, —X5 =8,
30. §=x, +4x, +2x, —3x, +3x5=-3,
(5%, —15X, + %, + 4%, +2x5=1.




1.5. Matritsalar va matritsalar ustida amallar. Matritsanin
rangi. :

Sonlaming m ta satr va n ta 5
. . qatordan iborat to’g’ri to’ .
jadvali mx n o'lchamli matritsa deyiladi. Bu mara' t:: g'ri to’rtburchakli

al] a]z s ain
a

A= B - @,
qm Gy - a

ko’rinishda yoziladi.
Agar m=1 bo’lsa, satr matritsa, n=1 bo’lsa ustup matrits,
a,

m =n bo’lsa, kvadrat matritsa hosi i dra
Isa, k sil bo’ladi. Kv i
;lim b:naltlx-ltsanmg elementlaridan tuzilgan =» itar:ﬂ:fiix ncllzttl:rmtsajnuc}mn
SO i i :
ash mumkin. Bu determinant det 4 yoki |4| orqali belgil::madia-‘ntm

a4 4, .. g

det4=|4|= G @4 - a,

aml a
Agar det4=0 bo’ls
. a, u holda i
bo’lsa, maxsusmas deyiladi. A matrits
Bosh diagonalida tur
gan elem i bi
nolga teng bo’lgan kvadrat matritsa Zfllgan birga, golgan elementlar;

a maxsus, detd ()

bilan belgilanadi: ik matritsa deb ataladi va g
10 .. 9
|01 0 |
0 0 .. 1

Ravshanki, detE=1. bi
Agar o’lchamlari bir Xil mxn bo’lgan ikki matritsani
« 9 4] a
mos elementlari 0 zaro’ teng b(? Isa, bu matritsalar teng deyila:ilin ph
Bir xil mxn © Ichamli A. Vva B matritsaning yig indisi deb o’
o’Ichamli shunday C=A+B matritsaga aytiladiki, uning har bir elen,, sha

A va B matritsalarniog mos elementlari yig’indisidan iborat bo’ladj o
24 .

mxn o’lchamli 4 matritsaning A songa ko ‘paytmasi deb, o’sha
O’lchamdagi B=A-A matritsaga aytiladiki, bu matritsa elementlari 4
matritsa elementlarini A ga ko’paytirishdan hosil bo’ladi.

mxn o'lchamli A matritsaning kx7n o’lchamli B matritsaga
ko’paytmasi deb, mxn o’lchamli shunday C=A-B matritsaga
aytiladiki, uning c, elementi 4 matritsaning i- satri elementlarini B
matritsaning j-ustunidagi mos elementlariga ko’paytmalari yig’indisiga
teng, ya’ni

¢, = ayby; +a2by, +.o.+ b,

Agar AB=BA bo’lsa, u holda A va B matritsalar o’rni
almashinadigan yoki kommutativ matritsalar deyiladi. -

1 - misol. Ushbu

4 _( 3 1-2 2 -1

2-4 5 B=|-1 3

4 -5

matritsalarning 4B va BA Ko’paytmalarini toping.
Yechish. 4B matritsa 2x2 o’lchamga ega bo’ladi:

AB:(:; 1 —2) f N =(3-2+1-(—1)+(-2)-4 3(D+1-3+(-2)-(H) }:
4

2.24+(-4)-(-)+5:4  2:(-)+(-4)-(-D+5:(=5)

(310
“\28-39)
Berilgan misolni maple orqali yechamiz:

S p 31 -2
“l2-45
0,9, 6))

4
—
g

4p=matrix(3,3, [3,1,-2,2,-4,5, ;

.
»

P_3 1 -2
12 -4 5

25




2 -1
>Q:=]-1 3 #Q:=matr'x(3a 3, [29_1’-1'3’4-5
| . »
8,531
2 -1 ‘;
Q=] -1 3 “:
4 -5

> R:=P.Q;#§:=Q; W := RS-

R= =3 10
28 -39

BA matritsa 3x 3 0’lchamga ega bo’ladi:

b

-1

e :] : (3 - J(2—~13)+;-l)-2 2:1+(~1)-(~4) 2-(—2)+(~1)-51
i I l 3432 (-1)143-(-4) CD-(-2)+3.51
$3+65)2 414(-5). () 4-(-2)+(—5)-5J
4 6 -9
=3 -13 17
;Il'i'¢BA bo’lganli o
o 0’lganligi sababli 4 va B matritsalar kominutativ

Agar  kvadrat matritg, Mmaxsusmas
0

AA =47A=E tenglikni tiruy
ganoatlan i
mavjud bo’ladi va u 4 i v

Isa, u holda

matritsaning A~ teskari matritsas; quyidagicha aniqlanadj-

Au Az] .o Aﬂl
~ 1 4 4
A l = 2 22 “se
detd | e o A“ i
4, 4, .. 4,

Bu yerda 4, A matritsa determinanti % elementining algebry:
to’Idiruvchisi. "

26

2- misol. Berilgan

{1 2 -1
A={3 0 2
4 -2 5

Mmatritsaga teskari matritsani toping.
Yechish. Matritsaning determinantini hisoblaymiz:
I 2 -]
detd=[3 0 2[=1.4-2.7-1.(-6)=-4%0
4 -2 5
Demak, 4 matritsa maxsusmas matritsa ekan. Endi 4 algebraik
to’ldiruvchilarni hisoblaymiz:

0 2 3 2 3 0
= ] =- =—'7, = ='6,
‘4ll ,_2 5 4’ A]Z l4 5, A|3 ,4 _2‘

2 -l 1 -1 4t -y
A"_-,—z 5,“_8’ 4= 4 5,"9’ 4= 2,_ ”
2 -1 1 2 1 2

= =4, A, =~ =IO, 4. = =-0.
1o 2 s 4-2‘ 33,30
Teskari matritsani tuzamiz:
/ \
4 8 4y |t 2
=X —5=% '79 %
-6 10 -6 3053
\2 2z 2)

AA" =A4"A=E ekanini tekshirish mumkin. » ta noma’lumli n
ta chiziqli tenglamalar sistemasi
a; X, +a,X,+..+a, x, =b,
ayX,+8,X, +..+a, X, =b, N\

a,X, ta; X, ..+ a.X, = bn

27



ni matritsa ko’rinjshda

kabi yozish mumkin, bunda =5
a,;, a, a,,
A=| 3 2y, . 22n
a, a, - a,,
X, b,
X =| *2 . B= b,
. X, b
8ar 4 maxsusmas matri i .
e : '  Mmatritsa, ya’ni det4=0 bo’}
Craning matritsa shaklidagj yechimi ushby ko’ﬁdshg:a;g: l:lv:’lg:lPu
- X=4"'B )
~misol. Matritsa rangini toping: .
4] 2 -4
-1 —9 5
A=| 3 1 7
0 5 —-10
2 3 0

- -1 —« s 23——:

A=l 3 1 5 1|3 L
O 5 —10 o 2 4|

14-25 3l o J Lo 5 —10
;4 4-5) (10 3) (100
01 21 Jo1-2| {0
00—1122D01—2r_1000z:|000
01 2/ o1 2 (o9 o 000
01 2/ {01 2 oo 0) (000

28

Hosil qgilingan matritsaning rangi 2 ga teng. Demak, berilgan 4

matritsaning rangi ham 2 ga teng bo’ladi.

Kroneker-Kapelli teoremasi. n» ta noma’lumli m ta chiziqli

tenglamalar sistemasi
a; X, +a;,X, +etagX, =by,
alel + 322X2 + n-+ aznxn = b2’
a X, +8pXy +otag, X, =by,
birgalikda bo’lishi uchun

rangA=rangB
bo’lishi zarur va yetarlidir. Bu yerda

1.6. Mustagqil ishlash uchun topshiriglar.

1- topshiriq. A,B,C,D matritsalar, « va (sonlar berilgan:
a) aA%+BBC ni hisoblang;
b) BxD ni hisoblang.

0 -1
S5 012 3 4 2 6 2 s
= - = - =31, C=

-1 0 1 - 1 6

-3 3 2 1 3
b1 5 0 B S| Lo

2 1 -1 6 0
-1 13 2 4 2

29
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-2

4
-5

-2 1

5
-2
] ’ a=2, ﬁ=—3;

2 -1
16
3 0 4
11239

-1 2 4

2.A=[
-1 3 5 21

0
27 9 6 6

|

— —
T e T~ <« a7 ow —~
S B - N o 9 o~ 7
~ I I Il
|
&) ] &)
4 ’l Ql N e P
151_.. N o
~ vt ) ey
31&/_. aJ—l
— ‘431
T <o < (N — o Iy
4 N N It
N O e «@. N -~ | J'\ oa
~— S 0
- 1]
1 - -8 m e
m i @ K . 1
3 ﬂ I
- 3
S - - —
7~ ~N 7 N N & -~ "
N N e 247_-6 _10 - i e
— <+ ~ O m
vy 1101 511
| - o - T N - < | | | — —_
N o
g -« o ~ S G MOV Qane
~ o= = ~—— —_ (I.I\l..l_.os
] | - N ) O il
- ~ < <
< P, < o= T e~ 7
: 00 o
©~ n P~ —~ 8T oenn -~ T
——ee | — | ——
i ] ]
o o (m}
Lo
~ LY -
— —— z ~
S o~ N
T - o - M
o~ =~ e
T Ty
-~ T<+o T Nm !
’ - m N
n oo n - YT (.I.:.ll\
|
M ———
(&) ] o
0
- - —
N - —a ~ — o
- < 0 ~
] o~ ~ -0 e
_52
O n N a o n
N
- 0N - o =
541 ! ﬁ.% __4 .o
——— o ———
i o i/ i I N
m U I @ m nM.
a fas] .
e
- o n - ..ﬂ..
Y TR - 3 —N
(] - I — —
r =7 3 N D oen . TN m_“
- —
14.3 rm———— S - 141_.7 n_LO-I. -
~wweo _ g
=~ S TN
Yo Naavm Pt - SN - P ~ <
S— e
— - =
< “w T oo g ] a g A_a_“ mmen s
<
. . e - ¥ .
o Ao wn
T o q ~ N - e N T~ T .
N———— N—_——— N——— e
] ] M
(=} A a
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B

-2 -6

5

5
, a==-2, B

1

4
4

3 5

2 0
4

-5 10 7
1

14. A
-3 2 1
6

-3 3
0 4

|

i
2 2
-5

D=

D e - N

- N O W

-1

7 -1

-3 0 » @=2, B=-];
-2 3J

32 4
11
21
4 3 11

——
N TN Yo v+ o
1] 1]
Q Q
o0 —
¥ o~ n <o P
o~
14_ N e
on o .o
L R A |
—— ~——
] «=. 1l "
/m - m o]
il i
- ] 8
3 -
— o« A N )
o TN / N
F Y~ D 0emnmew O = AN —
TTe mIvoe TTa @8~
N—_—— S———— — —
] - e 1} - 5 1 N
< <
. 204:_.. . T~ <N
Ug] O
y— —
T T e N
———— —_—
1] i
(=] fa]
—— ———
© e T T e ~T7
.
] N © »n a/ﬁ.l..d-s
B — U
] ]
& 0
— o
) - N 2—5
- O N —
-]l
—f
NN e
: " - ¥
~
+ 79 !
——— 1] 402 ~
0 a —— h
m - i [
q_s_u m (=X
. 8 o
—— - [
- Y
(o] - N o bl
AR 4._ N -0 7 N\
. S N -~
) o
_lo 3-01 aﬂnﬂb] - O N N
M T o N« A_n_ Nl
. N — . n
y— re~ = o~ ZB_B
— o]
v— — < U T T o |
[} [}
[a] (=]

A3 23

2 1

H B=[~3 1

_3;

2, B=

-1 3 4
s
2 10
-9 5 2

1
-1

1
4 7

(2
[3

0
35—4)

1

13. A=[

7)

3
2 4 %53 =3

-1

1
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=B;

a) AX

Matritsali tenglamalamni yeching:

2-topshiriq.
B.
-4 1)

by XA

B, ¢) AXC

(0

4 2 3
1 -3 4
1 -1 2
2.7 -9 ¢

:

4
-2 5

1
2

-2
0
3

3 4 2
21 0
1 0 -1

2 Az[

-3 2 0

1
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11 BOB. TEKISLIKDA VA FAZODA ANALITIK GEOMETRIYA

2.1. Tekislikning tenglamasi. Tekislikning umumiy tenglamasini
tekshirish. To’g’ri chizigning tenglamasi

Oxyz to’g’ni burchakli koordinatalar sistemasida har qanday
tekislik tenglamasini x, y, z o0’zgaruvchilarga nisbatan quyidagi chizigli
tenglama shaklida yozish mumkin:

Ax+By+Cz+D=0.

Bu tenglama tekislikning umumiy tenglamasi deyiladi. Bu yerda
4, B, § koeffisentlar berilgan tekislikka perpendikulyar bo’lgan va uning
normal vektori deb ataluvchi 7 =|4,B,C| vektorning koordinatalaridir.
T.ekislikning fazodagi holati 4, B, C koeffisentlari va ozod hadining
qiymatlariga bog’liq. Xususan, agar:

L. D=0 bo’lsa, u holda Ax+ By+Cz =0 va tekislik koordinatalar
boshidan o’tadi.

II. a) C=0 bo’lsa, u holda Ax+ By+D =0 va tekislik Oz o’giga
parallel bo’ladi;

b) B=0 bo’lsa, u holda Ax+Cz+D=0 va tekislik Oy o'qiga
parallel bo’ladi;

d) 4=0 bo’lsa, u holda By+Cz+D=0 va tekislik Ox o’qiga
parallel bo’ladi.

II. a) D=0, C=0 bo’lsa, u holda Ax+ By=0 va tekislik Oz
0’qi orqali o’tadi. ‘

b) D=0, B=¢ bo’lsa, u holda A4x + Cz =0 va tekislik Oy o’qi
orgali o’tadi.

d) D=0, 4=9 bo’lsa, u holda By+Cz=0 va tekislik Ox o’gi
orqali o’tadi.

IV. a) C=0_ p-g bo’lsa, u holda, Ax+D=0 va tekislik Oyz

kooré!}natala’ tekisligiga paralie] (voki Ox o’qqa perpendikulyar)
bo’ladi;
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b) C=0, A=0 bo’lsa, u holda By+D=0 va tekislik Oxz
koordinatalar tekisligiga parallel (yoki Oy o’qqa perpendikulyar)
bo’ladi; o

d) A=0 B=0 bo’lsa, u holda Cz+D=0va tekisiik Oxy

koordinatalar tekisligiga parallel (yoki Oz 0’qqa perpendikulyar) l?o’]adi.

V.a) D=0, A=0 va B=0bo’lsa, u holda Cz=0 yoki z=0
va tekislik Oxy koordinatalar tekisligi bilan ustma-ust tushadi;.

by D=0 4=0 va C =0 bo’lsa, u holda By=0 yoki y=0 va
tekislik Oxz koordinatalar tekisligi bilan ustma-ust tushadi; ' A

d) D=0, B=0 va C=0 bo’lsa, u holda Ax=0 yoki x=0 va
tekislik Oyz tekislik bilan ustma-ust tushadi. . . o

Quyida ma’lum shartlami qanoatlantiruvchi  tekisliklar
tenglamalari keltnrnlgan: . .

a) berilgan M,(x,Vo,2%) nuqtadan o’tuvchi va berilgan
7 =|4, B,C| normal vektorga ega tekislik tenglamasi:

Ax = xo)+B(y=3,)+ C(z=2) =0;
b) tekislikning kesmalarga nisbatan tenglamasi

zZ
ZC—+-}i+-—=l,
a b c .
bunda a, b, ¢ — tekislikning mos koordinata o’qlaridan kesadigan

kesmalari;
d) berilgan uchta M, (x,,¥,,2,), M, (%, ¥2522) VA My(%5,3,25)
nugtadan o’tuvchi tekislik tenglamasi:
xX=x% Y=N 75
X, =X Y2—N %275 =0.
X% YVi—h HBTH
To’g’ri chiziqning fazoda berilish usuliga qarab uning tenglamasi
turlicha bo’lishi mumkin: . _
a) berilgan M,(xy,%0,20) nugtadan o’tuvchi va §=(l,m, p).
yo’naltiruvchi vektorga ega bo’lgan to’gri chizigning kanonik shakldagi
tenglamalari
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=

l m
b) to’g’ri chiziqning parametrik tenglama‘tl,ari
x=xq+It,
Y=Yy, +mt,
zZ=2z,+ pt

buanda ¢ -— parametr;
d) berilgan ikki M, (x,,y,,2
o’tuvchi to’g’ri chizig tenglamasi:
X=X V=Y _z-z,
X=X Y=y ) 2,2 ,
g) fazodagi to’g’ri chizigning umumiy tenglamalari:
{ 4x+By+Cz+D, =0,
A2x+Bzy+sz+D2 =0.

) va M, (%3,,,2,) nuqtadan

Bunda
ALB G
L 4, B, C
Buto’g’ri chizigning yo’naltiruvchi vektor; § ushbu
i j
= ;i X h. = 44‘ Bl Cl
4 B, G

formula bo’yicha aniqlanadi

Ax+B = -
O teldslikdayy::; : hli)—o Va z=0 tekisliklarning kesishish chizig®i

o ' Ax+By+C=0
to’.g’.rx -chlquan . iborat bo’ladj. By tenglama tekislikdagi 70’0
chazzqmillg umumz}: lenglamqsi deyiladi. Berilgan to’g’ri chizig "
perpendikulyar bo’lgan 5 =|4,B| vektor to’g’ri chizigning no,,?:;
vektori deyiladi. Tekislikdagi to’g’ri chizigning tenglamalari:

a) berilgan My(x,,y,) nugtadan o’tuvchi va berilgan 7i=|4,p)
normal vektorga €82 t0°g’ri chiziq tenglamasi ’

Ax—x,)+ B(y-p,)=0;
44

b) to’g’ri chizigning kanonik tenglamasi
X=X Y~V
! m
bunda § = (/,m) — to’g’ri chizigning yo’naltiruvchi vektor, M (x4, ¥,)
— to’g’ri chizigda yotuvchi berilgan nuqta;
c) to’g’ri chizigning burchak koeffisentli tenglamasi
y=kx+b5,
bunda b — to’g’ri chiziqning Oy 0’qdan kesadigan kesmasi; £ — to’g’ri
chiziqning burchak koeffisenti; k=fga (a - to’g’ri chiziq bilan
o’qning musbat yo’nalishi orasidagi burchak); ‘
d) My(x,,y,) nugtadan o’tuvchi va k burchak koeffisentli to’g’ri
chizigning tenglamasi
Y=yo=k(x~x);
e) to’g’ri chizigning kesmalarga nisbatan tenglamasi
X + 2 =],
a b
bunda a va b - to’g’ri chizigning koordinatalar o’qlarida kesadigan
kesmasi;
f) berilgan ikki A,(x,,y) va M,(x,,y,) nuqtadan o’tuvchi
to’g’ri chiziq tenglamasi:

X=X _ Y=Yy
X=X V=W
Misol. M,(-2;1;-1) nuqtadan o’tuvchi § = {I, -1, 2} vektorga
parallel to’g’ri chiziq tenglamasini toping.
Yechish. § vektor to’g’ri chizigqa parallel bo’lgani uchun u
to’g’ri chizigning yo’naltiruvchi vektori bo’ladi. Shu sababli to’g’ri

x- - zZ-z
chizigning kanonik teaglamalari lxo =2 m)’o = > &

ga asosan

izlanayotgan to’g’ri chiziq tenglamaiari
x+2 y-1_ z+1
1 -1 2

ko’rinishda bo’ladi.



x—xO ___y‘yn - Z—Zo

l m
b) to’g’ri chizigning parametrik tenglamaliari
x=x,+lIt,
Y=Yy tmt,
z=2z,+ pt

bunda ¢ -— parametr;
d) berilgan ikki M, (x,,3,,2,
o’tuvchi to’g’r chizig tenglamasi:
X=X _ Y=Y _Z-z,
X =% Y,=n - Z - ,
g) fazodagi to’g’ri chiziqning umumiy tenglamalari:
{ 4x+By+Cz+D, =0,
A2x+Bzy+sz+D2 =0.

) va M,(x,,y,,2,) nuqtadan

Bunda
A5G
B e e 4 B, C
u to’g’ri chiziqning yo’naltiravchi vektori 3 ushbu
i j K
sS= ;i X '_i = A, Bl Cl
4 B, G

formula bo’yicha aniqlanadj.

Ax+B = . 1 .
Oy tekislikdayy;tcll; : hli)—O Va z=0 tekisliklarning kesishish chizig’i

o _ Ax+By+C=0
to’g’.n .Chlzlqdan .lborat bo’ladi. Bu tenglama tekislikdagi 10’y
chizigning umumiy ftenglamasi deyiladi. Berilgan to’g’ri chizig’:
perpendikulyar bo’lgan 5 =|4,B| vektor to’g’ri chizigning nonc,l,?lz
vektori deyiladi. Tekislikdagi to’g’ri chizigning tenglamalari:

a) berilgan My(x,,y,) nuqtadan o’tuvchi va berilgan 7i=|4,5|
normal vektorga ega t°g’ri chiziq tenglamasi

Ax-x,)+B(y-y,)=0;
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b) to’g’ri chiziqning kanonik tenglamasi
X=X _Y=¥
! m ’
bunda § =(/,m) — to’g’ri chizigning yo’naltiruvchi vektori, M, (x,,,)
— to’g’ri chizigda yotuvchi berilgan nuqta;
c) to’g’ri chizigning burchak koeffisentli tenglamasi
y=kx+b,
bunda b — to’g’ri chizigning Oy 0’qdan kesadigan kesmasi; £ — to’g’ri
chizigning burchak koeffisenti; k=fga (a - to’g’ri chiziq bilan Ox
o’qning musbat yo’nalishi orasidagi burchak); ’
d) M,(x,,y,) nugtadan o’tuvchi va k burchak koeffisentli to’g’ri
chizigning tenglamasi
Y=o =k(x—%p);
e) to’g’ri chiziqning kesmalarga nisbatan tenglamasi
P4
-; + Z = l,
bunda a va b - to’g’ri chizigning koordinatalar o’qlarida kesadigan
kesmasi;
f) berilgan ikki M,(x,,»,) va M,(x,,y,) nuqtadan o’tuvchi
to’g’ri chiziq tenglamasi:
X=X V7N
X=X Yy~ h
Misol. M,(-2;1;~-1) nuqtadan o’tuvchi § ={l, -1, 2} vektorga
parallel to’g’ri chiziq tenglamasini toping.
Yechish. § vektor to’g’ri chizigga parallel bo’lgani uchun u
to’g’ri chizigning yo’naltiruvchi vektori bo’ladi. Shu sababli to’g’ri

X - - zZ-2z
chizigning kanonik tenglamalari lxo =2 my 0 = > e

ga asosan

izlanayotgan to’g’ri chiziq tenglamaiari
x+2 _y-1_z+1
1 -1 2

ko’rinishda bo’ladi.
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2.2. Tekisliklar va to’g’ri chiziglarning o’zaro joylashuvi.
Tekisliklar va to’g’ri chiziglar orasidagi burchak. Nuqtadan to’g’ri
chiziggacha va tekislikkacha bo’igan masofa

A,x+ By +Cyz+D, =0 tenglamalar bilan berilgan bo’lsin. Ular
orasidagi burchak quyidagi formula asosida hisoblanadi:

g ntin. 2 2 2 2 :
-l 42+ B2+ C? - 42+ B2+ C2
bunda ﬁl =1Al’ B‘l’ Cl | va ;"z =| Az: st Cz |— berilgan

tekisliklarning normal vektorlari.
a) Agar tekisliklar perpendikulyar bo’lsa, u holda # - 7, =0 yoki
A4, + BB, +C,C,=0.
b) Agar tekisliklar parallel bo’Isa, u holda
A_B_G_D
AZ BZ CZ D. 2
c) Agar tekisliklar ustma-ust tushsa, u holda
A_B_G_D
4 B, C D,
d) My(xy,¥0,2,) nugtadan Ax+By+Cz+D=0 tekislikgacha
bo’lgan d masofa:

‘Axo + By, + Czy + D)
J4*+ B+ C?
formula bo’yicha hisoblanadi.
To’g’ri chiziqlar
-% _Y-N _Z-
4 m b

va
X=X Y=Y _27%
L2 my ) 23

kanonik tenglamalar bilan berilgan bo’Isin. Bu to’g’ri chiziglar orasidagi
Q burchak quyidagi formuladan topiladi:
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I[ +m,mz+D,P2

5 -
o= |51, S;| I +m; +pl- 2 +m; -.—p2
a) Agarto’g’ri chmqlar perpendlkulyar bo’lsa, u holda
S, S,=0
oki
’ Wl +mmy+ P2 = 0.
) L_m_p
b) Agarto’g'ri chiziglar parallel bo Isa, u holda L m o p
polda 1="0 B0
c) Agar to’g’ri chiziglar ustma-ust tushsa, u ho L m P
shu bilan birga
L% _ YN _R2TA
L m b
d) Agarto’g’ri chlZlqlar kesishsa, u holda
-x Y20 2T4&
ll m A [=0
h ny P
€) Agarto’g’ri chiziglar ayqash bo’lsa, u holda
x,—x% Y:=N #TA
' h m p |#0
L my D
—x,, Yo % chiziqgacha
M,(x,,2) nuqtadan —— ="— " to’g’ri qq
bo’lgan masofa quyidagi formula bo’ ylcha hisoblanadi:

|stM |
151

shu to’g’ri chizigqa tegishli va 5 =(,m, p)

d=

bunda My(%y, Vo:Zo) nuqta
uning yo’naltiravchi vektori. Ikki ayqash
xX-x _Y~ nh_ 2

A m, Pl.

va
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2.2. Tekisliklar va to’g’ri chiziglarning o’zaro joylashuvi.
Tekisliklar va to’g’ri chiziqlar orasidagi burchak. Nuqtadan to’g’ri
chizigqacha va tekislikkacha bo’igan masofa

Tekisliklar Ax+By+Cz+D =0 va
4x+B,y+Cyz+D, =0 {englamalar bilan berilgan bo’lsin. Ular
orasidagi burchak quyidagi formula asosida hisoblanadi;

cos@p= moR, A4, + BB, + GG, .
U RlRL 2B (£ BT
bunda 7 =4, By, G| va %4, B, C|— berilgan

tekisliklaring normal vektorlari.
a) Agar tekisliklar perpendikulyar bo’lsa, u holda A, -7, =0 yoki
44, + BB, + C,C, =0.
b) Agar tekisliklar parallel bo’lsa, u holda

©) Agar tekisliklar ustma-ust tushsa, u holda
A_B_G_D
4 B C, D
d) Mq(%0,¥,2,) nuqtadan Ax+By+Cz+D=0 tekislikgacha
bo’lgan d masofa:

d=|Axo+By0+Czo+D|
JA2+ B2 + C?
formula bo’yicha hisoblanadi.
To’g’ri chiziglar
X=% _Y-Nh_Z2"%

4 m D

va
X=X, Y=V, _Z-2,
L m, P
kanonik tenglamalar bilan berilgan bo’Isin. Bu to’g’ri chiziglar orasidagi
@ burchak quyidagi formuladan topiladi:
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5 5, L, +mm, + DD, )
35l 2, 2
|51, -[5:| \/I-f+mf+pf-\[lzz+mz + .
a) Agar to’g’ri chiziglar perpendikulyar bo’lsa, u holda

cos@ =

§, . §2 = 0
yoki :
L, +mmy + pp, =0
; L_m_p
b} Agarto’g’ri chiziglar parallel bo Isa, u holda L = _—— .
h_m _b
c) Agar to’g’ri chiziglar ustma-ust tushsa, u holda L m
shu bilan birga

N4 _Y2~ N _RTA
L m b
d) Agarto’g’ri chiziglar kesishsa, u holda
e, =X, Vo= N 22T &
4 ! p |=0.
l my P
€) Agarto’g’ri chiziglar ayqash bo’lsa, u holda
X, —X Y:=h ZTFH
A m n |#0.
L ny P
=% _Y=Y% _Z27% y5°gr chiziqqacha
i m P
bo’lgan masofa quyidagi formula bo’yicha hisoblanadi:
d= |Fx MM, |
| |51
bunda My (%, o:2o) nuqta shu to’g’ri chiziqqa tegishli va 5§ =(,m, p)
uning yo’naltiravchi vektori. Ikki ayqash
x=x _Y-h_27%
L om P

M,(x;,¥,,2;) nuqtadan

3

va
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—X Y=V _2-2
o [ m, p;
to’g’ri chiziqlar orasidagi eng qisqa d masofa quyidagicha aniqlanadi:
d =|M1M2 55|
15 %5,

bunda M,(x,5,,2) va My(x,,¥,,2,) nuqtalar mos ravishda bu to’g’ri
chiziglarga tegishli. 5, =(J, m, p) va 5, =(l,m,, p;) lar esa ulaming
yo’naltiruvchi vektorlari.

Misol. x-2y+2z— 8=0 va x+z— 6 =0 tekisliklar orasidagi
burchakni toping.

Yechish. Ikki tekislik orasidagi burchak formulasiga ko’ra:
cosp= A4, + BB, + CC, _114(=2)-0+2.1 J‘

VA4 +B +C* . JL+B+C lvd+d Ji 2

Bundan ¢= arccos% =45 kelib chiqadi.

Ax+By+Cz+D=0 tekislik bilan ""I"°="”°=2'Z° to'g’ri

m
chiziq orasidagi ¢ burchak ushbu formula bo’yicha hisoblanadi:

--

-5 Al+Bm+ Cp
A NA+B<C P am g
Bunda 7i< 4, B, C|— tekislikning normal vektori §={4, B,C} to’g’ri
chizigning yo’naltiruvchi vektori.
a) Agar tekislik bilan to’g’ri chiziq perpendikulyar bo’lsa, ii va

§ vektorlar kollinear yoki — = — = — bo’ladi.
I m p

mq)—

b) Agar tekislik bilan to’g’ri chiziq paralle} bo’ lsa, u holda i va

§ vektorlar perpendikulyar yoki Al + Bm+ Cp # 0 bo’ladi.
c) Agar tekislik bilan to’g’ri chiziq ustma-ust tushsa, u holda
Al + Bm+Cp =0, shu bilan birga Ax, + By, + Cz, + D=0 bo’ladi.
d) Agartekislik bilan to’g’ri chiziq kesishsa, u holda
Al +Bm+Cp #0.
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Tekislikdagi to’g’ri chiziglar
Ax+By+C =0va 4,x+B,y+C, =0

tenglamalar bilan berilgan bo’lsin. Ular orasidagi ¢ burchak ushbu
formula bo’yicha hisoblanadi:
‘;il.ﬁz —_ AIA2 +BIBZ
Iﬁl'lﬁzl - \/AI2 +B]z \/Azz "'Bz2 '
bunda 7, 5 4,, B,|va A, 4,, B,|— mos ravishda berilgan to’g’ri
chiziqlarning normal vektorlari.
a) Agar bu to’g’ri chiziglar o’zaro perpendikulyar bo’lsa, u

cosQ =

holda
A4, + BB, =0.
b) Agar bu to’g’ri chiziglar parallel bo’lsa, u holda
A4 _B
4, B,
c) Agar bu to’g’ri chiziglar ustma-ust tushsa, u holda
A _B _C;
A B G,
Tekislikdagi to’g’ri chiziglar
Yy=kx+b va y=kx+b,
tenglamalar bilan berilgan bo’lsin. Ular orasidagi ¢ burchak ushbu

formula bo’yicha hisobianadi:
k+k,

1+kk

Bu to’g’ri chiziqlarning perpendikulyarlik sharti k%, =-1 dan
iborat, parallellik sharti esa &, =k, bo’ladi.

M,(x,,y,) nuqtadan Ax+By+C=0 to’g’ri chiziqgacha bo’lgan

gp=

d masofa ushbu
_ 4%, + By, +C

,/A + B?

formula bo’yicha hisoblanadi.
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2.3. Mustagqil ishlash uchun topshiriglar.

1 — topshirig. A, B, C, D nuqtalar berilgan:
a) AB kesma uzunligini;

b) ABC uchburchakning B burchagining kosinusini;

d) AB va ‘AB vektorning yo’naltiruvchi kosinuslarini;

¢) ABC uchburchakning yuzini;
f) ABC uchburchakning C uchdan AB tomonga tushirilgan h
balandligini toping.
Ne A . B C D o B
1T | SB32-D] -1 | @D | (15735) 5 | -1
2 | 42D | (3:0:2) 42-D | <1-153) | -2 3
3 | (4-LD] 2071 | C1-233) | (15-3-1) | 2 1
2 1203 | (52 | 1D 121D 3 | =2
5 |50 25200 | Gl | 13) | 4 | -]
6 | (22D | Go-D | 4 | 32572) | 2 | 3
7 1) @50 | (12 | G0D 1 2
8 | &1-1) | 25D | (027D | (3512) | -3 i
9 1(02-D] G;1;-2) | &) (;-1;4) | 2 5
10 | (13:3) | 10 | L2571 @D | 2 1
11 ] LD | 050 | 253-D ;D] 3 2
12 | (3;12) | %D | L4D 1;03) | -1 | 3
13 | ;15 | (3072 | (=10 52-H | 3| 2
14 | 054 | 2725 | “410) (-2:23) | 4 | =2
5 | Gl | 34 | (LD 123 [ 2 3
16 | (-3;5:-1)| (=2:3:2) (0;1;-2) (-1;1-1) 5 3
17 | 2-1-4) | ((1-1;-2) | (1;0:1) (3:1.2) 4 |3
18| 352 | G&D | 217D 23 | 2 | 5
19 | (4-1:2)] (2,05 | L153) BN |1 3
20 | G151 | @05 | Gzl | (imsd) | 2 | 4
}—21 (52:3) | (131 | (2:4-5) @-5) | -5 | 2
22 | (-5 (15355 | (4:3) (3:1-1) | 4 |3
23 215 | (1;4;-6) | (-1;-8;-3) G421 S5 | 3
24 | (328 | LSy | 1;3:3) L_((_);4;l) 4
L -
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25 | (6;-1;-1) (4;-2;0) (7;0;1) (2;-3;2) -2 -5
26 | (5:2:4) | (3:1:6) | (0-1,7D) 122 | 4 5
27 | (4:-2;-3) (2;1;-2) (-1;0;-1) (3:2;:-4) 3 5
28 | (-1;-1;4) (2;1;3) (-3:2;1) 0;1;-1) -3 4
29 | (=5;-3;1) | (-6:-2:2) A [ D] L 5
30 | (6:-2;1)] 8:0:1) (432 [ (53D | 3 4

2 — topshiriq. To’g’ri chiziglamni tenglamalarini tuzing: AB, BC,

CD.
DA 3 v
3 C
2
A 11 N
a0 e sz X
_:1 0 2 > A -1 c D
al D
k o
2 v <
A Lo T\ 2 X
2
D -
S B WA ;
4 9 2/ X c
1
c
3
i) yiu 6) e YL
1 \
. —{o 1 x
T T ot -3 -1
-1 2 y .
-4 2
A D
D
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23) yvd A
a1 C n v, c
| \D / / i
1 0 1 3 % -3 A/ o 1 %
A B -1
-1 A B
24) y“ 28) y“
3 LC__D
B -1 0 1 —4‘7'
14 B8 C
3 A o 1 % 2
A -t A 3 S
25) R
A D 29) AY
27 A 4 B
B 10 H 2 %
3 A (01 x -1 D
_1 /
26) A
B ) -3 ,
2 C
C |4 D
30) y4
— 1 B c
-3 4 fo T x
-1 4 T —
-1 1 9
A P 7, X
/ ’
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3-topshiriq.
(H)’AX+B)'+CZ+D=0, (IT):Ax+By+Cz+D'=0,
(IT'): A +B'y +C'z+D"=0 tekisliklar, (1): X0 =1"Ye 2%

1 m 0

to’g’ri chizig va M(X'; ¥'; 2) nuqta berilgan.

a) M nuqtadan o’tuvchi va (IT) tekislikka parallel bo’lgan tekislik
tenglamasini tuzing;

b) M nugqtadan o’tuvchi va (L) tekislikka parallel bo’lgan tekislik
tenglamasini tuzing; :

¢) M nugqtadan o’tuvchi va (L) tekislikka perpendikulyar bo’lgan
tekislik tenglamasini tuzing;

d) M nugtadan o’tuvchi va (TI) tekislikka perpendikulyar bo’lgan
tekislik tenglamasini tuzing;

€) M nugtadan va (L) to’g’ri chizigdan o’tuvchi tekislik
tenglamasini tuzing;

) L) to"g’ri chiziq va (IT) tekisliklarning kesishish nugqtalarini
toping;

g) M nugtadan o’tuvchi, (IT') va (II") tekislikka perpendikulyar
bo’lgan tekislik tenglamasini tuzing;

) Ax+By+Cz+D'=0,
A’x+By+C'z+D"=0

tenglamasini tuzing;

i) M nuqtadan (IT) tekislikkacha bo’lgan masofani toping.

to’g’ri chiziqlaming kanonik

(A;B;C;D) [(AB'C\D") (A%BYCTD") | (ruiyoize) | (5msm) | (Ky52)

(-5:2-13) | (1-14) | (3:-101) | (25-2;3) | (1:5:-4) | (2-1-3)

1341 | (3-1;2;6) | (25514 | CL42) | (2-133) | <211

(2,237 | (1-1;3;4) | (1522335 | (237:-9) | Bi=25-1) | (3s-131)

(-1;5:-3;8) | (2,7,-1;3) | (=2,1;-1;6) [ (-9:-6;1) {(-4;-2;-5)] (2:1;-1)

(4:-2;1;3) | (1:=3:50) | (332-159) | 335:-T) | (B314) | B=L))

(1;-3;0;5) | (=2:6;1;-7) | (2:4-3:-8) | (7-7:5) | (3:=3:2) |(-1:-2:-3)

(3;:-2;1;-5) | (1;-1;-4:6) | (=6;2;1,7) (3;0;1) | (2;-3;0) | &L

oo |n|blw|o)—Z

(4;1;,-3;-6)| (0;2;1;-8) | (3;5-L:1) | (7:-9-6) | (5:=2;1) | (=3:=21)
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9 | 03:23) | (4-127) | (3556) | G53:d) | ((137) | @z

10 | 23:155) | (L-13:4) | (4:1,-135) (4;9;—9; ((2;’7;’37)) ((12-22-12))
1 | 1-5:3;0) | (1;2-1;4) | (=3:-1;1;8) (5:-3;-2) | (2;-1;~4) (—5”—2’-—3)
21 62%13) {3135 | Cigash) | @D | 613 | (ot
B @302 | 0326 | @1-13) (s | 02e) [ a1)
14 | (-3;02-6) | (1:-2:4:-5) | (Z3133) | (2-8;5) (1,-2:-3) (—f-l-2)
15 14319 | @250 [ (13-14)_ |Gz | (12:3) [(1ss)
16 1€2:5:-1) | (BL3A) | (12-1:6) [(4-23)| ¢16) | Gy
17 | &5-15) | G35 | (250,5,4) | (7-52) (3;—4:1) (—,1-:’-0)
18 | (50-18) | (2,1-34) | (Bi-1;29) | (5:2:9) &152,-1) (1-;,3)
19 | (1-2:43) | Gi=106) | (2-1;3:9) | @2:-79) 2:-1,2) (1~3-’—1‘
20 | Gs2-17) | (21:3:-8) | (1;3:-3;5) | (6:-1:8) (=2;0;1) (—'1-’2-1;
21| @250 | 0lad) | 0213) | @99 | (o) s
22 | (3554 | 113 | (4-2-15) | (6:8:-1) Z1;-2) (f-—f-z))
23 | 02-L7) | Gi4L6) | U3 | @4-0) | Grdil) | (ot

24 | (2231 | G-L13) | (3:3235) | (6:-2:4) @=L (3-3-’1))
B 1C5113) | GL25) | @130 | @5 | (1523) [ ra)
26 | (3:4-5:1) | (=2;3;4;6) (2;0;1;9 341 | (5-32) (—lr-l- 2
27 | (4:3:-18) | (3:1,2:5) | (-135:4) | (4=2:) (=3;1;3) (2:1~,;)
28 | (L4155 | 2146 | (3;-3:251) (5:0;2) |(-1;2;—4) (—3’-:;-1)
29 | (2313-3:4) | (5:2;3:4) | (1:-133;-2) | (=8;1;3) =1;3;2) (4~,—2-’1)
30 | Gi213) | &1-13) | (423D | (3i=2:7) [(1;2,4) (—l’-—2,-4))
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IIT BOB. MATEMATIK ANALIZGA KIRISH
3.1. To’plamlar va ular hagida asosiy tushunchalar.

To’plam tushunchasi matematikaning boshlang’ich va muhim
tushunchalaridan  biridir. Masalan: Natural sonlar to’plami,
auditoriyadagi talabalar to’plami, kutubxonadagi kitoblar to’plami, bir
nugtadan o’tuvchi to’g’ri chiziglar to’plami biror xildagi mahsulot ishiab
chiqaruvchi korxonalar to’plami va boshqalar. '

To’plamni tashkil etgan narsalar to’plamning elementlari deyiladi.

Matematikada to’plamlar bosh harflar bilan, masalan: 4,B,X.Y.......
uning elementlari esa kichik harflar, masalan: &, b, x, y,..... bilan
belgilanadi.

To’plam chekli sondagi elementlardan tashkil topgan bo’lsa, unga

chekli to’plam deb ataladi. Masalan, kutubxonadagi kitoblar soni yoki
guruhdagi talabalar soni chekli bo’ladi. Cheksiz elementlardan tashkil

topgan to’plam cheksiz to’plam deb ataladi. Masalan, natural sonlar
to’plami, bitta nugtadan o’tuvchi to’g’ri chiziglar to’plami va boshqalar.

x element X to’plamga tegishli bo’lsa, x€ X deb belgilanadi,
aks holda x& X yoziladi. {x e X/P(x)} belgi P xossaga ega bo’lgan
x€ X lar to’plamini bildiradi. Bo’sh to’plamni

D={xeD/x+x}

deb yozish mumkin.

1-misol. Quyidagi xossalarga ega bo’lgan to’plamlar
elementlarini aniglang.

A={xeN|x<5}

2) B={xe N|x<0}

3)C={xez|x<2}

Yechish. 1) To’plam 5 dan kichik va teng bo’lgan natural
sonlardan iboratligini bildiradi, ya’ni A= {1,2,3,4,5}.

2) manfiy natural son yo’q shuning uchun B=@.

3) bu holda |x<2 tengsizlikni qanoatlantiruvchi faqat butun

sonlar olinadi, bu [-2;2] kesmada bo’ladi. Shunday qilib,
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C

I

2-1; 0,1; 2}

Qavariq to’plam.
1-ta’rif. Istalgan ikki nuqta shu to’plamga tegishli bo’lganda, bu
nugtalarni tutashtiruvchi to’g’ri chiziq kesmasi ham shu to’plamga
tegishli bo’lsa, bunday to’plamga gavarig te’plam deyiladi.

Nugtaning atrofi,
2-ta’rif. r biror musbat son bo’lsin. M, e R" fazoning nuqtasi
uchun p(M, M,) < r tengsizlikni qanoatlantiruvehi hamma MeR"
nuqtalar to’plamiga M, nugtaning r-atrofi deyiladi va S8,(M,) bilan
belgilanadi, ya’ni

S, (M,)=1{M e R*| p(M, M,) <7},

Masalan, M,(2;3; -1;3)eS,(M,), M,(%;2~1;2) nuqtaning

S.(M,) atrofiga tegishli, chunki
PMM)=(1-2)" +(2-3) + (-1+ 12 + (2-3) = /3

bo’lib, v3 <2 bo’ladi. M 2(3:3; -1 3) nuqta S,(M,) atrofga tegishli
emas, chunki
p(M,, My)=/(1-3)? +(2-3)? (=11 +(2-3)" =6 bo’lib,
V6 > 2 bo’ladi.

R' (sonlar o’qi) fazoda M, (a) nuqtaning r atrofi (a-v,a+r)
intervaldan iborat.

R* (tckislik) fazoda M,(a,b) nuqtaning r atrofi, radiusi , i

markazi M, (a,b) nuqtada bo’lgan doiraning ichki nuqtalaridan iborat
bo’ladi.

R fazoda esa, M,(a,b,c) nuqtaning r atrofi, radiusi », markaz;.
M ,(a,b,c) nuqtada bo’lgan sharning ichki gismidan iborat bo’ladi.

To’plamning chegaralanganligi.
3-ta’rif. R" fazoning B to’plamning istalgan M(x,,%,,.....x,) € B
nuqtasi uchun shunday 4 >0 son mavjud bo’lib,
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munosabatlar bajarilsa, B to’plamga chegaralangan to’plam deyiladi.
Masalan, n o’lchovli fazoda istalgan nugtaning » atrofi chegaralangan

to’plamdir.
To’plamning ichki va chegaraviy nuqtalari.
4-ta’rif. M, € B nuqta B to’plamga o’zining biror r atrofi bilan
kirsa, unga B to’plamning ichki nugrasi deyiladi .
5-ta’rif. M, e B nugta o’zining har bir atrofida B to’plamga
tegishli bo’lgan hamda tegishli bo’lmagan nuqtalar bilan kirsa, M,
nuqtaga 5 to’plamning chegaraviy nugtasi deyiladi .

To’plamning quyuglanish nugtasi.

6-ta’rif. M, nuqtaning ixtiyoriy atrofi B to’plamning M,
nuqtadan fargli cheksiz ko’p nugtalari ( M, nuqtadan fargli)ni o’z
ichiga olsa, M, nuqta B to’plamning guyuqlanish nugtasi deyiladi.
Quyuglanish nuqtasi to’plamning o’ziga qarashli bo’lishi ham, qarashli
bo’lmasligi ham mumkin. Masalan, B =[a,b] yoki B=(a,b] bo’lsa,
ikkala holda ham a nugta B uchun quyuqlanish nuqgtasi bo’ladi, iekin
birinchi holda bu nugta B to’plamda yotadi, ikkinchi holda esa u B
to’plamda yotmaydi.

Yopiq va ochiq to’plamliar.

7-ta’rif. B to’plam o’zining hamma quyuglanish nugqtalarini
o0’zida saglasa, unga yepig fo’plam deyiladi. Masalax, {a,b] kesma R’
sonlar 0’gida, {M’ (x,3) € RZ! 2t £ rz} R? doira tekislikda
yopiq to’plamlardir.

8-ta’rif. B to’plamning hamma nuqtalari ichki nugtalar bo’lsa,
bunday to’plamga ochig to’plam deyiladi. Masalan, (a.b) R' da,
{M(x,y) eR|x*+y' < rz} R? da ochiq to’plamlardir. R" fazoda
istalgan nugtaning » atrofi ochiq to’plamdir.

R" fazoda chegaralangan yopiq to’plamga kompakt deb ataladi.

To’plamlar ustida amallar. B to’plamning har bir elementi 4
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X . Sa., B tO’p]amga A tO’ l i 1
. - p mlng glsm
_Ltolam: deylladl va B CA yOkl ADB bilan belgilanadi. A CB va

BCA bo’lsa, A va B B B
belgilanadi. to’plamlar teng deyiladi va 4=5 bilan

1) 4 va B 1ol ing bi
. / 0 plamlarning birlashmasi (yig’indisi) deb
u(c)gn;hl b,lr Cto plar.nga aytiladiki, bu to’plamning istalgai eleme)nti ii
y: to’plamga tegishlai bo’ladi va 4L B bilan belgilanadi, ya’ni
, C=AuB={xi xe€Ad yok xeB} (1 -chizma).
bk )b 1:1 ' Z'a tﬁ’pt]o’glamla;tlv:li:dg kesishmasi (ko’paytmasi) deb
amga aytiladiki, uning har bi i 4
o ! , ir elementi A4
belz 3:,52 . hﬂll"l,. B to’plamga ham tegishli bo’ladi va AN B bilan
3)I,Ayam C=AnB={x{ x€Ad va xeB} (2 -chizma).
schinch it (;ot :,la;ndan B t.o’p.lafnning farqi (ayirmasi) deb shunday
bolse. b ’p a}mge’l aytiladiki, uning har bir elementi 4 ga tegishli
( ga tegishli bo’lmaydi, va uni 4/B= {x] x€A
(3-chizma). " xEB}

1-chizma 2-chizma 3-chiz

2-misol. 4={], 2} to’plamning hamma qism to’plamlaridan

iborat bo’lgan B to’plamni tuzing.
Yechish. Qism to’plam ta’rifiga asosan, e 4, Be4
{L 2}e 4, {2} e 4.Demak, B= {25, {1}, {2}, {1, 2}}.
3-misol. A=(4,8) va B=(1, 4] bo’ ing bi
L y =(], o’lsa, ularning birlas] ini
va kesishmasini toping. e
Yechish. Birlashmaning ta’rifidan A4UB= (1,8) bo’lib,
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kesishmaning ta’rifidan 40 B =9 bo’ladi.
4-misol. 4=(=3, 7] va B[5, 6] bo’lsa, ularning birlashmasi va
kesishmasini toping.
Yechish. Tarifga asosan AUB=(-3,7] 4nB=[56]
bo’ladi.
5- misol. Ushbu
4={,23456), B={2468} C={3}
to’plamlarni garaylik. Bu to’plamlar uchun
AuB=1{,234568],
AnB={246},
A\B ={135},
B\A={},
AUC={,2,3,45.6},
AnC={3},
BNnC=0,
BxC={(2,1),(2,3),(4.1),(4,3).(63)8.)), (8,3)}%
bo’ladi.
Yugqorida keltirilgan ta’riflardan
EUE=E, ENE=E, E\E=0,

shuningdek E < F bo’lganda
EUF=F, ENnF=E

bo’lishi kelib chigadi.
Barcha 1, 2, 3, ..., n, ... - natural sonlardan iborat to’plam
natural sonlar to’plami deyiladi va u N barfi bilan belgilanadi:
N={, 2,3,., n,.}.
Barcha ..., -2, -1, 0, 1,2, ... - butun sonlardan iborat to’plam
butun sorlar to’plami deyiladi va u Z harfi bilan belgilanadi:
Z={u~2, -1 0,1, 2.}

Ravshanki,
NcZ
bo’ladi.
Tartiblangan to’plamiar hagida

Agar biror E to’plamning elementlari uchun quyidagi tasdiqlar; ..
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to’plamning ham elementi bo’lsa, B to’plamga A4 to’plamning gism
L;_M d?yﬂadi va Bc A yoki A> B bilan belgilanzdi. Aélg—;

<4 bo’lsa, 4 va B to’plamlar teng deyiladi va 4=8 bilan
belgilanadi.

o l? A va B to’plamlarning birlashmasé (yig’indisi) deb
uchl.nchl bir C to’plamga aytiladiki, bu to’plamning istalgan elementi 4
yoki B to’plamga tegishlai bo’ladi va 4 B bilan belgilanadi, ya’ni

C=AUB={4 xed yoki xeB} (1-chizma).

.2) A va B to’plamlarning kesishmasi (ko’paytmasi) deb,
uc,hunchl bir C to’plamga aytiladiki, uning har bir elementi 4
to’plamga ham, B to’plamga ham tegishli bo’ladi va AN B bilan
belgilanadi, ya'ni C= 4B = {x{ x€d va xe B} (2 -chizma).
rchine hf%A Cfo’;:lmndan B fo’p.lafnnizfg farqi (ayirmasi) deb shunday
b ir tcz pla.zmga aytiladiki, uning har bir elementi 4 ga tegishli

013, B ga tegishli bo’lmaydi, va uni 4/B={x] xed4 va xgB}
(3-chizma).

1 -chizma 2-chizma 3-chizma

2-misol. A={l, 2} to’plamning hamma qism to’plamlaridan |

iborat bo’lgan B to’plamni tuzing.

Yechish. Qism to’plam ta’rifiga asosan, D e d, {1}5'4

{1 2}e 4, {2}« 4. Demak, B= {2, {1}, {2}, {1, 2}}.
3-mlso.l.'A= (4, 8) va B =(j, 4] bo’lsa, ularning birlashmasini
va kesishmasini toping,
Yechish. Birlashmaning ta’rifidan A4UB= (L bo’lib
60

kesishmaning ta’rifidan 4N B =9 bo’ladi.
4-misol. 4=(-3, 7] va B[5, 6] bo’lsa, ularning birlashmasi va

kesishmasini toping.

Yechish. Tarifca asosan AUB=(-3,7] 4nB=[56]
bo’ladi.
5- misol. Ushbu

4={123,456}, B={2468}, C={3}
to’piamlarni qaraylik. Bu to’plamlar uchun
AuB={,2,3456.8},
AnB={246},
A\B ={1,3,5},
B\A=1{8},
AUC=1{1,2,3,456},
AnC={3},
BNC=0,
BxC={2.1,(2:3),(4.1),(43),(6.3)8.)),(8.3)}:
bo’ladi.
Yuqorida keltirilgan ta’riflardan
EUE=E, ENE=E, E\E=0,

shuningdek E c F bo’lganda
EUF=F, ENnF=E

bo’lishi kelib chiqadi. .
Barcha 1, 2, 3, ..., n, ... - natural sonlardan iborat to’plam
natural sonlar to’plami deyiladi va u N harfi bilan belgilanadi:
N={, 2,3, 0.}
Barcha ..., -2, -1, 0, 1,2, ... - butun sonlardan iborat to’plam
butun sonlar to’plami deyiladi va u Z harfi bilan belgilanadi:
Z={.,-2,-1,0,1 2.}

Ravshanki,
NcZ
bo’ladi.
Tartiblangan to’plamlar hagida

Agar biror E to’plamning elementlari uchun quyidagi tasdiglar; ..
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1) n=m, n>m, n<m munosabatlardan bittasi va faqat bittasi
o’rinli;

2) n<m,m<p tengsizliklardan n<p tengsizlik o’rinli
bo’lsa, £ to’plam tartiblangan to’plam deyiladi.

Tartiblangan to’plamlarga dastlabki misol, N = {l, 2,3,.,n,.}
natural sonlar to’plami bo’ladi. Bundan tashqari butun, ratsional haqi’qiy
sonlar to’plamlari ham tartiblangan to’plamlarga misol bo’la ola:ii.

o To’plamlarning ekvivalentligi
. Ixuyon-y 1kk1ta E va F to’plamlar berilgan holda, tabiiyki
ul?mmg qaysi b-mmng elementi «ko’p» degan savol tug’iladi. Natijad:;
to’plamlarni f;ohshtirish (elementlar soni jihatidan solishtirish) masalasi
yuzaga keladi. Odatda bu masala ikki usul bilan hal gilinadi:
1) to’plamlaming elementlarini bevosita sanash i i
elementlari soni solishtiriladi; bilen wlaming
2) biror qoidaga ko’ra bir to’plamning elementlaripa ikki
, . a ariga ikkinchi
to’plamning elementlarini mos qo’yish yo’li bilan ularni i
arn
o s Ing elementlari
Masalan, E={l, 2, 3L, F={, 4, 9, 16} to’plamlarning
el:amentltfn sonini solishtirib, F to’plamning elementlari soni E
to’plamnfng elementlari sonidan ko’p ekanligini aniqlaymiz yoki E
to’plamning har bir elementiga F to’plamning bitta elementini
151,254,359
tarzda mos qo’yib, F to’plamda E to’plam elementiga mos qo’yilmay
qolgan ele.ment borligini (u 16) hisobga olib, yana F ning elementiari
so,m E ning elementlari sonidan ko’p degan xulosaga kelamiz, Agar
to’plamlar cheksiz bo’lsa, ravshanki, ularni 1- usul bilan solishtirib

bo’imaydi. Bunday vaziyatda fagat 2 - usul bilangina ish ko’riladi. .
Masalan, N={}, 2,..., n,.} natural sonlar to’plamining har bir

elementiga (n=1, 2,...) juft sonlar to’plami N, ={2, 4,..., 2n,..} ning
2n elementini (n=1, 2,..) mos qo’yish bilan (n — 2n) solishtirib
ularning elementlari soni «teng» degan xulosaga kelamiz. ’

i—ta‘rif.. Agar E to’plamning har bir a elementiga F
to’plamning bita & elementi mos qo’yilgan bo’lib, bunda F
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to’plamning har bir elementi uchun E to’plamda unga mos keladigan
bittagina element bor bo’lsa, u holda E va F to’plamlar elementlari
orasida 0zaro bir giymatli moslik o’raatilgan deyiladi.

2-ta‘rif. Agar E va F to’plam elementiari orasida o’zaro bir
giymatli moslik o’matish mumkin bo’lsa, ular bir-biriga ekvivalent
te’plamlar deb ataladi va

E~F

kabi belgilanadi.

6-misol. Ushbu

1111
E={,2234,5}, F-{l, 3 F 5}
to’plamlar ekvivalent to’plamlar bo’ladi. Bu to’plam elementlari orasida
0’zaro bir qiymatli moslik mavjud. Uni quyidagicha
1 1 1 1
1], 2(—)-2-, 3(—)’5, 4(—)-4—, 5(—)—5',

o’matish mumkin. Demak, E~ F.

7-misol. Ushbu
E={2,4,6,8), F=1{2,46, 810},

to’plamlar ekvivalent to’plamlar bo’lmaydi. Chunki bu to’plam
elementlari orasida o’zaro bir qiymatli moslik o’rnatib bo’lmaydi.
8-misol. Ushbu

1 1 1
=N= oy o, F=31, —, =, et SN
E=N={, 2,3,..., n...} {23 }
to’plamlar ekvivalent to’plamlar bo’ladi. Bu to’plam elementlari
. 1 ..1
orasidagi o’zaro bir giymatli moslik har bir n ga (neN); ni (;eF)

mos qo’yish bilan o’matiladi. Demak, E~ F.

9-misol. Ushbu

E=N={23..7.} N={46..2n..}

to’plamlar o’zaro ekvivalent bo’ladi. Bu to’plam elementlari orasida
o’zaro bir giymatili moslikni quyidagicha o’matish mumkin: har bir
natural n (ne N) songa 2n son (2n€N,) mos qo’yiladi n€>2n).
Demak, E = N~Nj.

Ravshanki, N, < N. Bu esa to’plamning gismi o’ziga ekvivalent’
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bo’lishi mumkin ekanligini ko’rsatadi. Bunday holat fagat cheksiz
to’plamlargina xosdir.

Yuqorida keltirilgan ta’rif va misollardan ikki chekli to’plamning
0’zaro ekvivalent bo’lishi uchun ularning elementlari soni bir-biriga teng
bo’lishi zarur va yetarli ekanligini ko’ramiz.

Ekvivalentlik munosabati quyidagi xossalariga ega:

1) E~ E (refleksivlik Xossasi);
2) E~ F bo’lsa, F~ E bo’ladi (simmetrik Xossasi);
3) E~ F, F~ G bo’ladi (tranzitivlik xossasi).

To’plamlarning ekvivalentlik tushunchasi to’plamlarni sinflarga
ajratish imkonini beradsi.

Masalan,

N, ={24....2n,..},
N, ={135,.2n-1,.)),

11 1
Ny=1lL=~,..—..
: {23 n }

to’plamlar sanogli to’plamlardir, chunki
N\~N (2n<¢>nn=123,.),
N,~N 2n-l1nn= 1,2,3,..),

N3~ N(l ©onn=1230).
n

To’plamning  quvvati. To’plamning  quvvati, to’plam
“elementlarining soni” tushunchasining ixtiyoriy (chekli va cheksiz)
to’plamlar uchun umumlashtirilganidir. To’plamning quvvati berilgan
to’plamga ekvivalent bo’lgan barcha to’plamlarga, ya’ni elementlarj
berilgan to’plamning elementlari bilan o’zaro bir qiymatli moslikda
bo’la oladigan barcha to’plamlarga umumiy bo’lgan narsa sifatida
aniqlanadi. :

To’plam quvvati tushunchasini matematikaga to’plamiar +
nazariyasining asoschisi nemis matematigi G.Kantor (1845-1918)
kiritgan (1879 yilda). Kantor cheksiz to’plamlar uchun har xil quvvatiar
mavjudligini isbotlagan.

3-ta’rif. Natural sonlar qatoriga ekvivalent bo’lgan to’plam, ya‘ni
hamma elementlarini natural sonlar bilan raqamlab (belgilab) chigish
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mumkin bo’lgan to’plamga sanogli to’plam deyiladi. Masalan,

N, ={24.,....2n,..},

N, ={1,3,5,..2n-1,...},

11 1
=94l ==yt

N; { 2’3""n }

to’plamlar sanoqli to’plamlardir, chunki
N~N (2nenn=123,.),

N,~N (2n-1onn=123,.),
N;~ N (—1- <> nn=123,...).
n

Sanogli to’plamning quvvati cheksiz to’plamlar quvvati orasida
eng kichigi bo’lib hisoblanadi. . )

Sanoqli bo’lmagan to’plam sanogsiz to’plam c-ie.b ataladi. . .

0<x<1 kesmadagi sonlarning L to’pla.mmmg quv‘vati. nomf
kontinuum deyiladi. L ni natural sonlar to’plamiga o’zaro b.nr quma.tll'
akslantiish mumkin emas. “Kontinuum matematikasi” te:rfmm
uzluksizlik tushunchasi bilan bog’liq bo’lgan flazgnyalarti.a qo’llanilib, u
diskret matematikaga qarama-qarshi qo’yiladi. . Kontinuum quvvaf
sanoqli to’plam quvvatidan katta. Bir necha o’n yil muqa.dd?.m sanoqli
to’plam quvvatidan katta va kontinuum quvvatdan kichik bo’lgan
tc’plam mavjudmi? degan muammo qo’yilgan: .

Matematik belgilar hagida. Matematikada tez-tez uchraydigan
s0’z va 50’z birikmalari o’rniga maxsus belgilar ishlatiladi. Ulardan eng
muhimlarini keltiramiz: o . N

1) «Agar .... bo’lsa, u holda ..... bo’ladi» iborasi «=>» belgisi
orqali yoziladi; . N -

2) ikki iboraning ekvivalentligi ushbu «<>» belgisi orqgali
yoziladi; ) e

3) «Har qanday», «ixtiyoriy», «barchasi uchun» so’zlari o’rniga «
V» umumiylik belgisi ishlatiladi; ) . o N

4) «Mavjudki», «topiladiki» so’zlari 0’rniga « 3» mavjudlik belgisi
ishlatiladi.

65



3.2. Sonli ketma-ketliklar

Sonli ketma-ketlik ta’rifi va umumiy tushunchalay
1-ta’rif. Natural sonlar qatoridagi
1,23,..,n,..
har bir # songa hagiqgiy x, son mos qo’yilgan bo’Isa,
X X3 500y X, 5. (1)

(1) bagiqiy sonlar to’plamiga sonli ketma-ketlik yoki gisqacha
ketma-ketlik deyiladi.

X1,X; 5.-5 X, ,... Sonlarga sonli kctma~ketlilming hadlari deyilib,
*, g8 ketma - ketlikning umumiy hadi yoki n — hag; deb ataladi, (1)
sonli ketma-ketlikni qisqacha {x,} simvol bilan belgilanadi. Masalan, 1)

1
{;} sonlar ketma-ketligi

, 11 1
) 2’3’-~-sn----
bo’ladi;
n ..123 n
2) {——} sonlar ketma-ketligi —,< 2 _P_ *ladi
—y etli >3 ’n+1’""b° ladi.

Sonli ketma-ketlikning umumiy hadini olish usulj ko’rsatilgan
bo’lsa, u berilgan deyiladi. Misol uchun, 1) x, =2+ (-1 bo’lsa, u 1,
3,1,3,1,3,.., 1,3, ...;

2 s aae .

3) 3 kasrni o’nli kasrga aylantirganda verguldan Keyin bitta,
ikkita, uchta va hokazo ragamlarni olib,

x =0,6, x, = 0,66, x; =0,666, ...
soalar ketma-ketligini olish mumkin;

4) @, q+d,aq)+2d,...,a,+(n-1)d, ... &
arifmetik progressiya ham sonli ketma-ketlikdir, bunda @, birinchj had,
d arifmetik progressiya ayirmasi;

2 .

4) b,ba.bg’,....bq",...

sonlar ketma-ketligi ham ketma-ketlikka misol bo’ladi, bu birinchi hadj
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b, maxraji q bo’lgan geometrik progressiyadir. . .
Sonli ketma-ketlikning ta’rifidan ma’lumki, u cheks&z' sondag?
elementlarga ega bo’lib, ular hech bo’lmaganda o’zlarining tartib ragami

bilan farq giladi. . N o
Sonlar ketma-ketligining geometrik tasviri sonlar o’qidagi

nuqtalar bilan ifodalanadi. . . o
Sonli ketma-ketliklar ustida ushbu arifmetik amallarini bajarish

mumkin; 1) {x,,} sonlar ketma-ketligini songa ko’paytirish,
MX,, MXyy MXyyeery X5 e.ne

ko’rinishda bo’ladi; o
2) ikkita {x_} va {y,} sonlar ketma-ketligining yig’indisi
X+ Yy XgF+ VaseeesXy + Vyseess
ko’rinishda aniqlanadi; o _
3) ikkita {x,} va {y, }sonlar ketma-ketiligini ayirmasi
Xy = Vi Xy = VasersXy = Vysooes

ko’rinishda bo’ladi; o .
4) ikkita {x,} va {y,} sonlar ketma-ketligi ko’paytmasi

Xy Vin Xy " Vaseees Xy " Vseers

kabi miqlanadi; . . . - - -
5) ikkita {x,} va {y,} sonlar ketma-ketligining nisbati, maxraj 0

dan farqli bo’lganda,

y 1 , y 2 o yn 3
ko’rinishda bo’ladi hamda mos ravishda {mx,}, {x, +».} {x, -}

{x. 3.} {ﬁ} simvollar bilan belgilanadi.
n n yn

Chegaralangan va chegaralanmagan sonli ketma-ketliklar.

1-ta’rif. {x } sonlar ketma — ketligi uchun shunday M (m son)

son mavjud bo’lib, ketma-ketlikning istalgan eletfxenti ucfhun

X, SM(x,2m) tengsizlik bajarilsa, {x,} ketma-ketlik yugoridan
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.Isbot. {a,} va {8,} cheksiz kichik ketma-ketliklar bo’lsin. Bu
cheksiz kichik ketma-ketliklar uchun, istalgan £ son uchun N, raqam
1

topiladiki, n > N, 1 |<Z izli
, lar uchun, |a,|< > tengsizlik, N, ragam topiladiki,
n‘ N I = f'- . g 4 . . .
>N, lar uchun |,B,,]<2 tengsizlikiar bajariladi. N =max{N,, N,}
desak, n>N lar uchun bi 1 £ £
g un birdaniga [a"l<-2-, {ﬁn|<5 tengsizliklar
bajariladi. Shunday qilib,

e, £ 8, <

a,|+lB<Z+2=z
bo’ladi.
Bu {a, + 8} ketma-ketlikning cheksiz kichik ekanligini bildiradi

Natija. Istaigan chekli sondagi ol
i g1 cheksiz kichiklamj "
yig'indisi yana cheksiz kichik ketma-ketlikdir. i seromik

3-teorema. Ikkita cheksiz kichik ketma-ketlikn;
1 { -Ket 3 .
cheksiz kichik ketma-ketlik bo’ladi. ! ko’paytmasi,

Isbot. {&,} va {8} lar cheksiz kichik ketma-ketliklar bo’lsi
{a, B} ketma-ketlikning cheksiz kichikligini isbotiash talak etil :in
{a,} cheksiz kichik bo’lganligi uchun, istalgan £>0 son uc:ul.
shunday N, raqam topiladiki, » >7\f1) lar uchun(le,| <<, ){8,} ChekSile
kichik ketma-ketlik bo’Iganligi 'ﬁ/chun £=1 uchun shu"nda N
topiladiki @ >N, Jlar uchun |g,|<1 bajanﬁN:m{N N}; d;;
olsak, 71> N Tar uchun ikkala tengsizlik ham bajarilib, "y

@, - Bl Sle|- 1B, <5 1=¢

bo’ladi. Bu {e, - ﬂ1} ketma-ketlikning cheksiz kichikligini bildiradi.
cheksif;:ﬁi( isot?llagjir? sondagi cheksiz kichiklarning ko’paytmasi yana

Eslatma. Ikkita cheksiz kichiklarning nisbati cheksiz kichik
bo’lmasiigi mumkin, masalan, o, =—}1», B, = cheksiz kichiklarning
nisbati hamma elementlari 1 lardan iborat chegata]anlan ketma-ketlikdir.
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, i R N4
@, = : s B = rl— cheksiz kichik ketma-ketliklarning nisbati { F’} = {n}
n n- (Wt
. . . " 1 ot
bo’lib, cheksiz katta ketma-ketlik hosil bo’ladi. &, = el B. = = bo’lsa,

ulamning nisbati {5‘;—} = {1} cheksiz kichik bo’ladi.
n n

4-teorema. Chegaralangan ketma-ketlikning cheksiz kichik
ketma-ketlikka ko’paytmasi cheksiz kichik ketma-ketlik bo’ladi. (Bu
teoremaning isbotini o’quvchiga havola gilamiz).

Sonli ketma-ketlikning limiti va uning xossalari
1-ta’rif. Istalgan £>0 son uchun unga bog’liq bo’lgan N son

topilsaki, barcha n> Nlar uchun lx, - d<sg tengsizlik bajarilsa, a songa
{x,} ketma-ketlikning n — = Mﬂ
limx, =a yoki n—>®oax,—>2

simvollar bilan belgilanadi. Chekli {imitga ega sonli ketma-ketlikka

yaginlashuvchi ketma-ketlik deyiladi.
Limitning ta’rifiga misol qaraymiz.

Limitning  ta’rifidan  foydalanib, ri_m;i—lzl ckanligini

ko’rsatamiz. Istalgan & >0 son olamiZ. _
]n -n-1_ 1

K B
n+1

| n+1 | n+l

x,-1|=

bo’lganligi uchun, |x, —1j<¢ tengsizlikni qanoatlantiruvchi n larning

i <¢ ftengsizlik  bilan bog’liq va
n+l1

bo’ladi. Shuning uchun N sifatida L
£

qiymatini topish,

1—
i<e(n+1) yoki n>—£

1—F£} bo’ladi. Bu
£

ar uchun bajariladi. Masalan,

i semini oli i L )
sonning butun gismini olish mumkin, ya'ni N —[

holda |x, —1| < & tengsizlik hamma 7> N1

£=0,1 bo’lsin, bu holda
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1-017 [o09
N=|120 1091 o lesne
[0,1] [0,1] 9 n=10>N=9

bo’lsin. Bunda
_ 10 _10
ST IR
bo’lib,
10 1
—1':_“1:— =
bo~1 Ill TR 0,1.

Shunday qilib, n=10 dan boshlab hamma »n 1ar uchun
o =1 <01 tengsizlik bajariladi.

Demak, lim # =1 tenglik o’rinli bo’ladi.

n-pc

Boshqa bir necha £>0 lar olib, qaysi raqamlardan boshiab
tengsizlikning bajarilishini ko’rsatishni o’quvchiga havola etamiz.

Eslatma 1. {x,} sonlar ketma-ketligi biror @ limitga ega bo’lsa,
uni @, =x,—a cheksiz kichik miqdor ko’rinishida ifodalash mumkin.
chunki £>0 son uchun shunday N topiladiki, »> N lar uchun -

la,| =lx, —d <&
tengsizlik bajariladi. Shuning uchun a limitga ega bo’lgan {x,} sonlar
ketma-ketligini
x,—-a=a,
ko’rinishda ifodalash mumkin, bunda g, cheksiz kichik ketma-ketlik_
2-ta’rif. £>0 biror musbat son bo’lsin. jx, ~a|<# tengsizlik

hamma 7 lar uchun bajarilsa, {x,} sonlar ketma-ketligi 4 Duqtaning £
atrofida deyiladi.

2-eslatma. Ma’lumki |x, —a| <& tengsizligi
—E<x,—a<e&yokia-e<x,<a+e¢
tengsizlik bilan teng kuchli bo’lib, x, element a nugtaning & atrofida
bo’ladi. Shuning uchun, {xn} ketma-ketlikning limitini quyidagicha
ham ta’riflash mumkin: ¢ nuqtaning & atrofi uchun shunday N ragamni
ko’rsatish mumkin bo’lsaki, hamma » > N lardan boshlab, hamma x,
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clementlar ¢ nuqtaning & atrofida bo’lsa, a songa {x.} ketma-
ketlikning limiti deyiladi. o
3-eslatma. Ma’ lumki cheksiz katta ketma-ketlik limitga ega emas
yoki uni cheksiz limitga ega deyiladi va
lim x, =0
bilan belgilanadi. Ketma-ketlikning limitini cheksiz limitdan farq qilishi

hekli limit ham deb yuritiladi. o .
e :Zs:at:n::‘ Tushunarliki, har bir cheksiz kichik ketma-ketlik

yaqinlashuvchi va uning limiti a =0 ga teng.

Yagqinlashuvchi ketma-ketliklar quyi.d?gi xossa!arga ega:
1.Yagqinlashuvchi ketma-ketlikning limiti yagonadir.
2. Yaginlashuvchi ketma-ketlik chegaralangan. o N
Eslatma. Chegaralangan ketma-ketlik yaqinlashuvchi bo’lmasligi
mumkin. Masalan, )
-1,1, -1, .., (=1)%...
tma-ketlik, chegaralangan, lekin limitga ega emas. o
e ;( ) {x }cva g{y } s<g>nli Kketma-ketliklar yaginlashuvchi bo’lib, mos
ravishda a :/a b limitlarga ega bo’lsa, ularning algebraik yig’indisi ham
i bo’li imi *ladi.
aqinlashuvchi bo’lib, a + b limitga ega bo . o
yaqma: l{lx } va {y } sonli ketma-ketliklar yaqinlashuvchi bo’lib, mos
ravishda a va b limitlarga ega bo’lsa, Tl;@hg ko’paytmasi ham
inlashuvchi bo’lib, limiti a-b ga teng bo’la i. o
Y 2&5b T{la‘c, } va {y,,} sonli ketma-ketliklar yaqinlashuvchi bo’lib, n.los
ravishda @ va b limitlarga ega bo’lsa, ulaming nisbati ham maxrajning

. . ee
. 1 s 2
limiti noldan fargli bo’lganda, yaqinlashuvchi bo lib, uning limi B
e b(;sixa(:;ssalanﬁ ketma-ketlikning limiti va cheksi§ kichik ketma-
ketliklarning xossalaridan foydalanib i-sbotlash .mu:'nk.ln.. Mas:lan, 4-
xossani isbotlaylik. Ketma-ketliklar yagilashuvchi bo lganligi uchun
Xn =a+ In =b+ﬂ"
ko’rinishda ifodalanadi, bunda «@,, B, lar cheksiz kichik ketma-
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ketliklar. Bu holda
%,-y,-ab=aB, +ba, +a,- B,
bo’ladi. (af, +ba, +a,-B,) ifoda cheksiz kichik ketma-ketlikning
xossalariga asosan cheksiz kichik ketma-ketlikdir. Demak, x,y —ab
ham cheksiz kichikdir, ya’ni '
lilnm(xny,, -ab)=0 yoki }‘ir_gx,,y,, =ab
bo’ladi.
1-misol. Ushbu limitni hisoblang.
i 3n* +2n-1
ne 4pt 5
' Yechish. n—>cc surat ham maxraj ham cheksiz katta bo’lib

nisbatning lirniti haqgidagi xossani qo’llash mumkin emas, chunki bl:
xossada surat va maxrajning limiti mavjud bo’lishi kerak edi. Shuning
uchun, bu ketma-ketliklami #” ga bo’lib, shaklini o’zgartiramiz hamda
limitlarning xossalarini go’llab, ushbuni hosil gilamiz:

2.1 a2 1
e 4)12—5 n-o 5 . 5 =
4-— Inn(4—;§)

n-wo

. .2 .1
et hm e 340-0_3
lim4—-lim_52- 4-0 4
n-w n-o p

Berilgan misolni maple orqali yechamiz:
. 3nn+2n—1\ )
>L1mzt(( J,n=°°}

4-n—5
. 3-nn+2-n—1
= limit = .
i (BEEEZE=) ),
. 3nt+2n—1 3 ’
lim ==
n— 4n_5 4
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3.3. Mustagqil ish uchun topshiriglar
1. Ushbu

n
= = X, = , X, =3n
=3y T 5p1 4n—1 -
sonli ketrna-ketliklarning 7n=1,2,3,4,5, bo’lgandagi qiymatlarini yozing?
2. x =—2 sonli ketma-ketlikning chegaralanganligini
" n+2

xﬂ

ko’rsating.

3 = —% x = 3N , x,=3+(-1)" sonlar ketma-ketligining
* n n ’ n 271 n .
geometrik tasvirini n=1,2,3,4,5,6 bo’lganda ko’mtmg. . .
4. Bir necha arifmetik va geometrik progressxyalafn%ng umumiy
(n -hadi) ni yozing va n=1,2,3,4,5,6 bo’Igandagi qiymatlarini yozing.
5. Ushbu

1 "
= = - = s X = -1)"3n
x,=3n, x,==5n+l, X, =——7 -D

n

n

sonlar ketma-ketliklari chegaralanganmi va qan.day?_ '
6. Bir necha cheksiz katta va cheksiz kichik sonlar ketma-

ketliklarini yozing.
7. Ushbu tengliklar .
2n .1 . 3n+l
im —— =2, lm—=0, =3
:’lll_t’ll n+ 1 a-o Jp e R

ning to’g’riligini sonli ketma-ketlikning limiti ta’rifidan foydalanib
isbotlang va har biri uchun £>0 ni aniglab ganday raqamdan boshlab
tengsizlikning bajarilishini ko’rsating? o

8. Ushbu sonlar ketma-ketliklarining limitlarga ega ekanligi yoki
ega emasligi va u nimaga-tengligini Ko’rsating?

5n—1 3 x =(—l)"n
Dr, =g DA )%= 1
-1)"n
3n+1 = n 6 =( ,
Hu=T5s VR L e
3n? 2n+5
7 = ; 8) x, = .
) %, n+l ) n’
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3.4. Elementar funksiyalar

Agar x miqdorning biror D to’plamdan olingan har bir giymatiga
biror E to’plamdan olingan y migdorning birdan-bir aniq giymati mos
qo’yilgan bo’lsa, u holda y o’zgaruvchi migdor x o’zgaruvchi
miqdoming funksiyasi deyiladi.

x miqdor erkli o’zgaruvchi yoki argument, ¥ miqdor esa bog’liq
o’zgaruvchi yoki funksiya deyiladi. Funksiyani belgilash uchun ushbu
yozuvlardan foydalaniladi:

y=f(), y=yx), y=¢x)
vah. k.

"~ X o’zgaruvchining S(x) funksiya ma’noga ega bo’ladigan
qiymatlari to’plami funksiyaning qiymatlar sohasi deyiladi va D)
korinishda belgilanadi. ¥=/(*) funksiyaning /) g qiymati.
Bunda *o eD(f)’ funksiyaning xususiy giymati deyiladi va e yoki
S )otinishda belgilanadi. Shunday qilib,

Yo =f(x) yoki Y=o
Funksiyaning qabul giladigan qiymatlari to’plami uning o zgarish
sohasi deyiladi va E(f) pitan belgilanadi.
Oxy tekislikning y=f(x) munosabatni  qanoatlantiruvchi
M(x, ) nugtalari to’plami ¥ =) funksiyaning grafigi deyiladi.
Agar Y=J %) funksiya PU) sohani E() sohaga 0’zaro bir
qiymatli akslantirsa, u holda * ni Y orqali bir qiymatli ifodalash

mumkin:
x=p(y).
Hosil bo’lgan funksiya y=Sx) funksiyaga nisbatan teskari
Junksiya deyiladi. -
Y=F(x) y, x= o(») funksiyalar o zaro teskari funksiyalardir.
X=00) teskari funksiyani odatda x va y lamning o’rinlarini
almashtirish bilan standart ko’rinishla yoziladi.
Y = ¢(x).
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O’zaro teskari ¥ =S¥ va ¥=P(*) funksiyalaming grafiklari
birinchi va uchinchi koordinata choraklarining bisscktrisasiga nisbatan
simmetrik. ¥ =J(*) funksiyaning aniqlanish sohasi =0(X) teskari
funksiyaning qiymatlari sohasi bo’ladi.

u=g(x) funksiyaning aniqlanish sohasi D, qiymatlar sohasi B
bo’lsin. ¥=S(#) funksiyaning aniglanish sohasi B bo’lib, 0’zgarish
sohasi { bo’lsin, u holda ¥ =/ (#*)) aniglanish sohasi D va o’zgarish
sohasi [ bo’lgan murakkab funksiya yoki S vao ﬁmkfsiya'laming
kompozisiyasi deyiladi. # o’zgaruvchi oraliq o’zgaruvchi deyiladi.

Y=S(*) ko’rinishidagi funksiya oshkor funksiya deyiladi.
F(x,y)=0 ko’rinishdagi tenglama ham, umuman aytganda * va Y
o’zgaruvchilar orasidagi funksional bog’lanishni beradi. Bu holda
ta’rifga ko’ra 7 o’zgaruvchi * ning oshkormas funksiyasi bo’ladi.
Masalan, x*+y'=4 tenglama Y ni X ning oshkormas funksiyasi
sifatida aniglaydi. Aniqlanish sohasi D(f) koordinatalar boshiga
nisbatan simmetrik bo’lgan /(*) funksiya x ning har qanday * €D(f) -
giymati uchun S*)=/) (yoki fx)==f (x)) munosabat bajarilsa,
. o . Hadi.

e (yzﬁléognﬁkzl;:lygarggﬁilaordinaﬂar o’qiga nisl?atan s:um?xetrik, toq
funksiya grafigi esa koordinatlar boshiga nisbatan simmetrikdir.

Agar T>0 o’zgarmas son mavjud bo’lib, har bir xeD(f)
(x+T)e D(f) da Sx+T)=f(x) tenglik bajarilsa, f1 (x) funksiya
davnyﬁ‘;tli‘igg!ﬁz di)c’::::;at' ega bo’lgan T laming eng kichigi T,
funksxyg:;niﬁfgc;vgm‘:gi,;}:g; asosiy elementar funksiyalar deyiladi:

a) y = x* darajali funksiya, bunda @€ R; D(f) va E(f) lar « ga
bog’liq;

b) y=a* ko’rsatkichli funksiya, bunda a>0 va a=l; D(f)=R
va E(f) = (0,+);
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c)y=log_x logarifmik funksiya, bunda a>0,a%1; D{f)=(0,+x<)
va E(f)=R
d) trigonometrik funksiyalar:
y=sinx, D(f)=R va E(f)=[-11]; 1, =2mr;
y=cosx, D(f)=R va E(f)=[-L;1}; T, =2x;
y=tgx,D(f)={x¢-72£+7rk, keZ} va E(f)=R; T,=m;,
y=ctgx, D(f)={x#zk, ke Z} va E(f)=R; T, =,
y=secx, D(f)={x¢-72£+n'k, keZ} va
E(f)=(—00; -1]U[L;+=); T, =27;
y=cosecx, D(f):{x;txk,kez} va
E(f)=(—d),—l]U[l, +G)); T(‘) =27T.
e) teskari trigonometrik funksiyalar:
y=aresing, D(f)=[-51] va E(N)=[-2; 7
y=arccosx, D(f)=[-1;1} va E(f)=[0; x];
y =arcigx, D(f):R va E(f):(-%; %),
y=arcctgx, D(f)=R va E(f)=(0; z);

y=arcsecx, D(f)=(~0; ~1JU[l; +w) va E(f)=[0; %)U(g, ﬂ‘];

y=arccosecx, D(f) =(-o0; = 1]JU[l; +®) va E(f)= [— er-; O)U{o; £:||
. 2
Elementar funksiya deb asosiy elementar funksiyalardan chekl;

sondagi arifmetik amallar yordamida tuzilgan murakkab funksiyalarga
aytiladi.
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Elementar funksiyalarning grafikiari.

f(x) funksiya grafigini chizishda har xil usullar qo’llaniladi:
nuqtalar bo’yicha, grafiklar bilan amallar bajarish, grafiklarni
almashtirish. f(x) funksiya grafigidan foydalanib sodda almashtirishlar
yordamida murakkabroq funksiyalar grafiklarini hosil gilish mumkin.

a) ¥Y=S(*—@) funksiyaning grafigi ¥ =f(*) funksiya grafigi-
dan, bu grafikni Ox 0’q bo’ylab a>0 da o’ngga, a<0 bo’lganda esa
chapga 4 birlik surish bilan hosil qilinadi.

b) ¥ =S(¥)+b funksiya grafigi ¥ =/ *) funksiya grafigidan, bu
grafikni Oy o’q bo'ylab b>0 da yuqoriga, £ <0 da pastga & birlik
surish bilan hosil gilinadi.

o y=fl) (k#0,k#) foicvaning grafigi Y=/
funksiya grafigidan, uning nuqtalari ordinatalarini sagiagan holda | 1<1

1

da abssissalarini |¥| marta cho’zish bilan, |%[>1 da esa abssissalarini

{
k] tmarta sigish bilan hosil gilinadi.

& y=mf(x) mzOm=#D) fnksiya grafigi V=S
funksiya grafigidan, uning nuqtalari mos abssissalarini saglagan holda

1
ordinatalarini |7/<! da |7| marta gisish, ™1 da esa |7 marta
cho’zish orqali hosil qilinadi.

e) V = f(-x) funksiya grafigi ¥ =f(x) funksiya grafigidan, bu
grafikni Oy o’qqa nisbatan simmetrik akslantirish yordamida hosil
qilinadi. }

f) Y=-S(*) funksiya grafigi 7 =f(*) funksiya grafigidan, bu
grafikni Ox o’qqa nisbatan simmetrik akslantirish yordamida hosil
gilinadi.

g) Y= funksiya grafigi Ox oqning S )20 poladigan
qismlarida ¥=J(*) funksiya grafigi bilan bir xil bo’ladi. Ox o’qning
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J)<0 bo’ladigan gismida bu grafikni ¥ =) funksiya grafigini Ox
0’qqa nisbatan simmetrik akslantirish yordamida hosil gilinadi.

Misol. Y=—28i2x¥+2) fynkgivaning grafigini Y =Sinx
funksiya grafigidan foydalanib chizing.

Yechish. V=SNX  funksiya  grafigidan  foydalanib,
y=-2sin2x+2)  fugksiya grafigini chizish quyidagi shakl
almashtirishlar orqali amalga oshiriladi:

Y =sin2x, y,=-2sin2x,,
y==2sm2(x+1)=-2sm(2x +2).

Geometrik nuqtai nazardan bu shakl yasashlarga olib keladi.

1.02x <27 oraliqda ¥ =S¥ sinusoidani chizamiz.

2.Sinusoidada bir nechta nuqta telgilaymiz va ordinatalarini

1
. . P . . =T =)
0’zgartirmay, abssissalarini ikki marta kamaytiramiz: 2

Hosil bo’lgan nuqtalamni silliq chiziq bilan birlashtirib, i =Sin2%
funksiyaning grafigini chizamiz.

3.Hosil bo’lgan grafikdagi nugtalar abssissalarini o’zgartirmay,
ordinatalarini 2 marta orttiramiz va ulaming ishoralarini almashtiramiz:
Y2 =2y, X =x,. Hosil bo’lgan nug@lamn silliq chiziq bilan
birlashtirib, 72 ==2sinx, funksiyaning graﬁgmx chizamiz.

4. Oxirgi grafikni abssissalar 0’gi bo’yicha (-1) ga ko’chiramiz:
*=x-L y=3. pHesil qilingan nuqtalamni silliq chiziq bilan
birlashtirib, ¥ =—25I0(2X+2) fynksiva prafigini chizamiz.

3.5. Ketma-ketlikning limiti. Funksiyaning limiti

Natural sonlar to’plamida aniqlangan funksiya sonli ketma-ketlik

deyiladi va {x.} ko’rinishda belgilanadi.

Agar shunday M musbat son manjud bo’lib, har qanday natural
son n uchun

bx,| < M
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tengsizlik o’rinli bo’lsa, x, chegaralangan ketma-ketlik deyiladi. Agar

har qanday natural son n uchun
X >X,

n+l
tengsizlik bajarilsa, x, o ’suvchi ketma-ketlik deyiladi. Agar har qanday
natural son n uchun
xn-(-l < x

tengsizlik bajarilsa, x, kamayuvchi ketma-ketlik deyiladi. .

Faqat o’suvchi yoki kamayuvchi ketma-ketlik monaton ketma
ketlik deyiladi.

Agar istalgan £>0 son uchun shun
bo’Isaki, barcha n2 N lar uchun

| |x, —al<s »
tengsizlik bajarilsa, o’zgarmas a son X, ketma-ketlikning Zimiti deyila

day N=N(g)>0 son mavjud

va bu quyidagicha yoziladi:
lim*» =4

Agar x, ketma-ketlik limitga ega bo’lsa, U yaginlashuvchi, aks
holda uzoglashuvchi ketma-ketlik deyiladi. o
Hag qanday chegaralangan va monoton ketma-ketlik limitga ega.

2n+3 | ckamligini isbot qiling V@ N(¢) ni
aw 2n+1

1- misol. |im

aniqlang. .
Yechish. Agar ixtiyoriy &> 0 uchun shun
bo’Isaki, barcha n> N(g) lar uchun

day N(e) soni mavjud

x, —a|=

2n+3_“<€
2n+1

. > idagi lah
tengsizlik bajarilsa, limitning ta’rifiga ko x;al guYIdag' masala
Yugqoridagi tengsizlik quyidagiga teng kuchli:

al bo’ladi.

<§&,

2n+1

bundan
2 . 2-¢
2n+1>; yola n>—Eg—
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J(*) <0 po’ladigan gismida bu grafikni ¥ =S (*) funksiya grafigini Ox
0’qqa nisbatan simmetrik akslantirish yordamida hosil qilinadi.

Misol. Y="25IM2x+2) fnksivaning grafigini Y =SIDX
funksiya grafigidan foydalanib chizing.

Yechish. V=S¥ funksiya  grafigidan  foydalanib,

y=-2si(2x+2)  ginksiya grafigini  chizish quyidagi shakl
almashtirishlar orqali amalga oshiriladi:
» =sin2x, y,=-2sin2x,,
y=-2sm2(x+1)=-2sm(2x +2).
Geometrik nuqtai nazardan bu shak! yasashlarga olib keladi.
1.0<x<2r oraligda ¥ = SINX ginusoidani chizamiz.
2.Sinusoidada bir nechta nuqta telgilaymiz va ordinatalarini

1
. . e e oeg g . L ”RETXS O NRTF)
o’zgartirmay, abssissalarini ikki marta kamaytiramiz: 2

Hosil bo’lgan nugqtalamni silliq chiziq bilan birlashtirib, M =sin2x
funksiyaning grafigini chizamiz.

3.Hosil bo’lgan grafikdagi nuqtalar abssissalarini o’zgartirmay,
ordinatalarini 2 marta orttiramiz va ularning ishoralarini almashtiramiz:
%2=72% %=X Hosil bo’lgan nugtalami silliq chiziq bilan

birlashtirib, Y2 = ~2510%; funksiyaning grafigini chizamiz.
4. Oxirgi grafikni abssissalar 0’qi bo’yicha (-1) ga ko’chiramiz:
*=%-l Y=Y Hosil qilingan nuqtalami silliq chiziq bilan

birlashtirib, ¥ =~25I2%+2) funksiya grafigini chizamiz.
3.5. Ketma-ketlikning limiti. Funksiyaning limiti

Natural sonlar to’plamida aniqlangan funksiya sonli ketma-ketlik

deyiladi va {*} ko'rinishda belgilanadi.
Agar shunday M musbat son manjud bo’lib, har qanday natural
son n uchun

x| <M
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tengsizlik o’rinli bo’lsa, x, chegaralangan ketma-ketlik deyiladi. Agar

har qanday natural son n uchun
X,

A+l

tengsizlik bajarilse, x, o'suvchi ketma-ketlik deyiladi. Agar har ganday

natural son n uchun

> X,

xn+l < xn
tengsizlik bajarilsa, x, kamayuvchi ketma-ketlik deyiladi.
Faqat o’suvchi yoki kamayuvchi ketma-ketlik monaton ketma-
ketlik deyiladi. '
Agar istalgan £>0 son uchun shunday N=N(¢)>0 son mavjud

bo’Isaki, barcha n2 N lar uchun
|x,—al<&

tengsizlik bajarilsa, o’zgarmas a son X, ketma-ketlikning limiti deyiladi

va bu quyidagicha yoziladi:
]j_m.‘cn =a.

n—yo

Agar x, ketma-ketlik limitga ega bo’lsa, u yaginlashuvchi, aks

holda uzoglashuvchi ketma-ketlik deyiladi. o
Hag qanday chegaralangan va monoton ketma-ketlik limitga ega.

2n+3 _} ekamligini isbot qiling va N(¢) ni
2n+1

1- misol. lim
aniglang. . .
: \%echish. Agar ixtiyoriy £>0 uchun shunday N(g) soni mavjud
bo’isaki, barcha n2 N(¢) lar uchun
2n+3 _‘{ <e

2n+1
tengsizlik bajarilsa, limitning ta’rifiga ko’ra quyidagi masala hal bo’ladi.
Yuqoridagi tengsizlik quyidagiga teng kuchli:

<&,

e, —a|=

2n+1

bund
undan -

2¢e

2n+1>—i- yoki n>
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tengsizlikka ega bo’lamiz. Demak, N = N(g)= .22;8
£

Shunday gjlib,
2n+3

i =1.
h'Inzn-i-l

n—wo

Agar har qanday £>0 son uchun shunday &=6(z)>0 son
mavjud bo’lib, r—al<s da |f(x)- b <& tengsizlik bajarilsa, b soni f(x)
funksiyaning x — a dagi limiti deyiladi va quyidagicha yoziladi:

lim /f(x)=>.

Agar ixtiyoriy £>0 uchun shunday N=N(£)>0 son mavjud
bo’lib, barcha |x{> N lar uchun |f(x)-#/<# tengsizlik bajarilsa, b soni
f(x) funksiyaning x — o dagi limiti deyiladi va quyidagicha yoziladi:

lim f(x)=b.
X~}0

Agar ixtiyoriy M >0 uchun shunday §=6&(M)>0 mavjud bo’lib,
r-dl<& da |f(x)>M tengsizlik bajarilsa, f(x) funksiya f(x) da
cheksiz katta deyiladi va bunday yoziladi:

lim f(x)=<<.

Agar x—>a da x>a bo’lsa, u holda x—»a+0 belgi, agar x - ¢ da
x<a bo’lsa, u holda x—>a—-0 belgi ko’llaniladi. f(x) funksiyaning a
nuqtadagi chap va o 'ng limitlari deb mos ravishda

S(@-0)= lim f(x)=f(a+0)= lim f(x)
x—=0-0 x—a+)
sonlarga aytiladi.

Sf(x) funksiyaning x—a dagi limiti mavjud bo’lishi uchun
f(a-0)=f(a+0) bo’lishi zarur va yetarli.

Limitlar hagida quyidagi teoremalar o’rinli (limitga, o’tish
qoidalari)

a) Agar C 0’Zgarmas bo’lsa,

limC =C.
xX—=a

b) Agar Lx_rg Sf(x) va li_rgq;(x) mavjud bo’lsa,

lim (/ (<) + @(x)) = lim £(x) + lim p(x).
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¢) Agar lim f(x) va limg(x) limitlar mavjud bo’lsa, u holda
" lim (f (x) - @(x)) = lim f(x)- lim ¢(x).
tenglik o’rinli. ,
d) Agar lim f(x) va limg(x) # 0 bo’lsa, u holda
S S

x-a

x-a q)(x) - lix_g(p(x)'

tenglik o’rinli. . o
: Agar bu teoremalarning shartlari bajarilmasa, u holda
3’ —, o, 0 ko’rinishidagi anigmasliklar paydo bo’lishi mumkin.
m . LK
Bu anigmasliklar ba’zi hollarda algebraik almashtirishlar
yordamida ochiladi.
2-misol. Limitni hisoblang:
. 3n*+5n-1
e 43

Yechish. Bu misolda kasrning surat va maxraji cheksizlikka
intiladi, ya’ni = — ko’rinishdagi anigmaslikka egamiz.
[+ o)

Kasming surat va maxrajini n? gabo’lsak:

3+5——!-
. 3n2+5n—1_lim n’ =§____3_
m—s 3 =m——"3 "1
1+-—2'
n
Berilgan misolni maple orgali yechamiz:
(3.2 +5n—1 ‘
>limitL3n-: L n=o|;
n"+3
3

3-misol. Limitni hisoblang:
. (n+ 2@+ .

o (n+3)!
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tengsizlikka ega bo’lamiz. Demak, N = N(¢g} = %;—8 .
Shunday qilib,
. 2n+3 _
lim 2n+l 1

n—so

Agar har qanday £>0 son uchun shunday &=6(s)>0 son
mavjud bo’lib, jx—d|< & da |f(x)- b <& tengsizlik bajarilsa, b soni f(x)
funksiyaning x — a dagi limiti deyiladi va quyidagicha yoziladi:

lim f(x)=b.

Agar ixtiyoriy £>0 uchun shunday N=N(¢)>0 son mavjud
bo’lib, barcha |xj> N lar uchun |f(x)-4<¢ tengsizlik bajarilsa, b soni
f(x) funksiyaning x —co dagi limiti deyiladi va quyidagicha yoziladi:

]_;iﬂ f(x)=b.

Agar ixtiyoriy M >0 uchun shunday &=4&(M)>0 mavjud bo’lib,
fx-al<& da |f(x))>M tengsizlik bajarilsa, f(x) funksiya f(x) da
cheksiz katta deyiladi va bunday yoziladi:

lim /(%) ==

Agar x »>a da x>a bo’lsa, uholda x —a+0 belgi, agar x >a da
x<a bo’lsa, u holda x—a—-0 belgi ko’laniladi. f(x) funksiyaning q
nuqtadagi chap va o 'ng limitlari deb mos ravishda
fla-0)= xllmﬂ]of (x)=fa+0)= x‘_ggof )
sonlarga aytiladi.
f(x) funksiyaning x—a dagi limiti mavjud bo’lishi uchun
f(a-0)= f(a+0) bo’lishi zarur va yetarli.
Limitlar hagida quyidagi teoremalar o’rinli (limitga, o’tish
qoidalari)
a) Agar C 0’Zgarmas bo’lsa,
limC=C.
X
b) Agar Li_l}alf (x) va lim p(x) mavjud bo’lsa,
im (f(x) + @(x)) = lim £ (x) + lim ¢(x).
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¢) Agar limf(x) va lim@(x) limitlar mavjud bo’lsa, u holda
” tm (f (x) - @(x)) = lim f(x)- lim p(x)-
tenglik o’rinli. ’
d) Agar limf(x) va lxi_r‘x-}gp(x) #0 bo’lsa, u holda
@ =S
o lm o)

tenglik o’rinli. o
Agar bu teoremalarning shartlari bajarilmasa, u holda

w, 0 ko’rinishidagi anigmasliklar paydo bo’lishi mumkin.
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> 0’
Bu anigmasliklar ba’zi hollarda algebraik almashtirishlar
yordamida ochiladi.
2-misol. Limitni hisoblang:
. 3n*+5n-1
n-sx nz +3 '
Yechish. Bu misolda kasming surat va maxraji cheksizlikka

intiladi, ya’ni 2 — ko’rinishdagi aniqmaslikka egamiz.

Kasming surat va maxrajini 7~ £a bo’lsak:

?H-g-l
lim3n‘-i~5n-—1=ﬁm n n2=§__.3.
n-»o n24.3 Lo ] 3 1

1+'——2-

n

Berilgan misolni maple orqali yechamiz:

(32 4s5n—1
>hmzt\

- = 00 |-
n 43 " ’
3
3-misol. Limitni hisoblang:
(A2 (n+ 1)
r—o (n+3) ’
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Yechish. Bunda
n+2)=(n+Dl(n+2) va
- almashtirishlarni bajarsak,
lim (n+ 7)L+-(n+l)' (n+DH¥(n+3) - lim 1
n—s® (n+3)! nso{(n+D(n+2)n+3) noe(n+2)
Berilgan misolni maple orqali yechamiz:

. (nt2) 4 (n+1)! .
>Izmzt( (nt3)1! , 1= 0}

(n+3)=(n+i(n+3)(n+2)

0
Funksiyaning limitini hisoblash
Funksiyaning limitini amalda hisoblash oldingi paragrafda bayon

gilingan teoremalar va ba’zi shakl almashtirishlarga asoslanadi.
1-misol. Limitni hisoblang:

3x-2
lim
=2x2 41
Yechish. x—2 da kasrning surati 3-2-2=4 ga, maxraji esa
2% +1=5 ga intiladi. Demak,
3x 2 4

im
x—>2 _x +1 5
2-misol. Limitni hisoblang:
3,2
bm x3 x, x +1'
*lx’ +x° ~x-1
Yechish. Bu misolda kasrning surati ham, maxraji ham n—1 da
nolga intiladi. % ko’rinishdagi aniqmaslikka egamiz. Kasming surat va
maxrajini ko’paytuvchilarga ajratsak:
llmx3 -xt-x+1 m P (x-1)-(x~ l)
oty x?—x-1 x—>Uc2(3c+l) (x+l)
(x (x? -1 _ lln(.:t 1 - 0_
x-u (x+1)(x? 1) Txol(x+1) 2
3-misel. Limitni hisoblang:

4 1

lim
x>2x2 -4 x-2

Yechish. «—o ko’rinishdagi anigmaslikka egamiz. Hisoblaymiz:
84

z— ko’rinishdagi anigmaslikka egamiz.

4—-(x+2 2-x _
N S B B S
x—>2x2_4 x—2 x22 X -4 xl x
= lim ~x=2) ___jim——=-7

x=22(x+ 2)(x - 2)
4-misol. Limitni hisoblang.

J'2'+7—J‘

x—>0 x+2x

i ing surati
Yechish. § ko'rinishdagi anigmastikka egamiz. Kasming &

va maxrajini 42+x 2 ifodaga ko’ paytirsak
ks, (.
x->o T Zaox .x-,o x(x+2){J2+x+~/—)
2+x-2 _______________——
x—>0x(x+2)(r+x+«/—) Jl=~>°Jc(x+2)(J"+x+"2)
1 _.2_
=
= T 25 +2) “222

Berilgan misoni maple orqali yechamiz:
> 7 sqrt(2 +x) — —sqri(2)_ x= 0)
Limit xx+2x )
L sqrt(2 +x) —sqit ,x'—=0);
Imut( Tt 2x

— 1
iy iz_f_z._l: s

x=+0 P +2x
3.6. Birinchi va ikkinchi ajoyib limitlar

; idagi ma’ lalardan
Ko’pgina limitlarni topishda quyidagi ma’lum formu

foydalaniladi: .
tim S22 =1 _ pirinchi ajoyib limit;
a0 a '
fm (1+ - )" hm (l +a)? =e — ikkinchi ajoyib limit.
X ~»0

Misollar yechganda quyxdagl tengliklarni nazarda tutish foydali:
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1
&n(1+ka)a=mn(1+5)x=e";
. X—>®0 X

a—0
g B
x—0 x
x—
lim&E— =1
x=0 X
. a -
lim =Ina, (@>0).
x-0 X

1-misol. Limitni hisoblang:

?_!)10 sinx3x'
Yechish. % __ ko’rinishdagi aniqmaslikka egamiz. Birinchi
ajoyib limitdan foydalanamiz:
o SE3E _ gy 3% gy B3

x>0 X -0 3x x>0 3x
Berilgan misolni maple orqali yechamiz:

> limit[i‘g(-i’—'g-, x=0);

3
2-misol. Limitni hisoblang:
cosx

lim .
T —2x
2

Yechish. 3 — ko’rinishdagi anigmaslikka egamiz. fz""”
belgilash kiritsak, u holda x> da 70 bo’ladi. Hisoblaytolz:

n
cos(= - 2) sin z

COSX _ _ _
>0 - +2z

=3 =0, 2(% - 2)

LR snz_1
z=0 2z 2z-0 Z 2
86

Berilgan misolni maple orqali yechamiz:

[ cos(x T
> gimit [ 2L = - | = limit cos(x) T
T—2x 2 n—2x 2
im cosix) _1
b mm2x 2

3- misol. Limitni hisoblang:

fim (2x+ 1)“"“.
x>\ 2x -3
Yechish. Kasming suratini maxrajiga bo’lib, butun gismini ajratib
apamiz:

2x+l_(@x-9+4 g,
2x-3 2x—3 2x-3 o -
Shunday qilib, x -> o da berilgan funksiya asosi birga intituvchi,
ko'rsatkichi esa cheksizlikka intiluvchi darajani ifodalaydi, ya'ni 1
ko’rinishdagi anigmaslikka egamiz. Funksiyani ikkinchi ajoyib limitdan
foydalanish mumkin bo’ladigan gilib o’zgartiramiz:

4(4x-1)
1 2x-3 | 2x-3
(21‘ + 1)4:;—1 ( 4 )4;':- ( 4 ) ) _
=1+ ={|1+
2x-3 2x-3 2x-3
ad—)
x
2x-3 3

( 4 ) el I
= l-|- .
) 2x-3

X—>® da 5 : 3 =0 bo’lgani sababli ikkinchi ajoyib limitga
ko’ra:
2x-3
4 4
i — =e.
xl—lbn:t{I * 2x- 3)
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a4-1)

lim 3x =8 ekanini  hisobga
s>+ 5 3
x
lim 2x+1)“"“‘_es i
e 2% 3 ekanini topamiz.

Berilgan misolni maple orqali yechamiz:
4-x—1
>Iimit(((2x+l ) ,x=oo);
(2:x—3)

e8

88

olib,

uzil-kesil

3.7. Mustagil ishlash uchun topshiriglar

1-topshirig. To’plamlar ustida quyidagi amallami bajaring.’ i

1. N natural sonlar to’plami va Z butun sonlar to’plami
birlashmasini toping. . e

2. G ratsional sonlar to’plami, R haqgiqty sonlar to’plami bo’lsa
G N R ni toping. - S

3.Ratsional va irratsional sonlar to’plami blrlashmas:m toglgg;l

4. A to’g’ri to’rtburchaklar to’plami, B romblar to plami bo’lsa,
4N Bni toping. L i

5. 4 juft sonlar to’plami Z butun sonlar to’plami bo’isa, ularning
kesishmasini toping. '

6. 4 juft sonlar to’plami B toq sonlar to’plami bo’lsa, A vaB
larning kesishmasini toping. , .

7.{0; 1,2} bo’Isa, hamma gism to’plamlar to plamini toping.

8. 4 juft sonlar to’plami, B tcq sonlar to’plami, C tub sonlar
to’plami bo’lsa, 4UB, 4nB, ANC toping. -

9. 4={1,2,4,69}, B={345810} bo'lsa A\B va B\4 larni
toping. , o

10. G ratsional sonlar to’plami, R hagiqiy sonlar to’plami bo’lsa,
G\R ni toping. Lttt

11. A= {a,b,d,c} B= {b,c,e,k} to’plamlar kesishmasini llco ;s;:snxin

12.  A=(26,39,5), B=(26,39,5,40) to’plamlar  birlas
ko,rsaﬁng. ANB ni toping

13. Agar A=(-2;3) va B=[-4;1] bo’lsa, ANB ni toping. .

14. A=[ -3,5; - 2,5] va B= (-3; 0) to’plamlar berilgan. AUB i
tOping. ‘ .

15. A={ -2; -1] va B=(0;2) bo’lsa, AnB.rtu toping.

16. A=(4; 5] va B=[ 2;3) bo’Isa, A\ Bmt toping. -~ .

17. A=[-5;0) va B=[ -3;-1) to’plamlar ber}lgaq. B\A ni toping.

18. A = (4; 5] va B=[ 2;3) bo’lsa, A \h?nm 'm'ptlggi.ng

19.[1;5] va [3;7] kesmalarning kesishmasim -

20. A={1,2,3}, B={1,3,5}, C={1,5.9} to plamlar berilgan. Shu
to’plamlarga universal to"plamni aniglang. . , _

21. 4={,23,5 va B={L;5} to’plamlar berilgan bo’lsa, 4/B m
tOping.
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442

lim——% =8  ckanini hisobga
o0 2__
X
(Ve
xl_lff 2x—3 =€ ekanini topamiz.

Berilgan misolni maple orqali yechamiz:
4-x—1
>limz’t(( (2:x + 1 ) ,x=oo];
(2-x—3)

eS

88

olib,

uzil-kesil

3.7. Mustaqil ishlash uchun topshirigiar

1-topshirig. To’plamlar ustida quyidagi amallarni bajaring.’ .

1. N natural sonlar to’plami va Z butun sonlar to plami
birlashmasini toping. . +otami bolsa

2. G ratsional sonlar to’plami, R hagiqiy sonlar to’plami
G MR ni toping. - o

3. Ratsional va irratsional sonlar to’plami blrlashmas,lm toyfmg;l

4. A tog’ri to’rtburchaklar to’plami, B romblar to plami bo’lsa,
AN Bni toping. N

5. 4 juft sonlar to’plami Z butun sonlar to’plami bo’isa, ularning
kesishmasini toping. e A vaB

6. 4 juft sonlar to’plami B toq sonlar to’plami bo’lsa, 4 va
laming kesishmasini toping. i .

7.{0; 1,2} bo’lsa, hamma gism to’plamlar to plamini toping.

8. 4 juft sonlar to’plami, B tcq sonlar to’plami, C tub sonlar
to’plami bo’lsa, AUB, 4nB, ANC toping. -

9. 4={1,2,469}, B={345810} bo'lsa A\B va B\4 lami
toping. ’ .

10. G ratsional sonlar to’plami, R haqigiy sonlar to’plamt bo’lsa,
G\R ni toping. L

11. A= {a,b,d,c} B= {b,c,e,k} to’plamlar kesishmasm{ llco ;sma:snxin

12. A=(2639,5), B=(26,39,5,40) to’plamlar birlas
koarsating, B i toping

13. Agar A=(-2;3) va B=[-4;1] bo’Isa, AfB o1 toping- .

14. Ag=[ -3,5(; - 2),5] va [13= (-3; 0) to’plamlar berilgan. AUB ni
tOping_ . .

15. A= -2; -1] va B= (0;2) bo’lsa, ANB i toping.

16. A= (4; 5] va B=[ 2;3) bo’lsa, A\ B ni toping. o

17. A=[-5;0) va B=[ -3;-1) to’plamlar berilgan. B\A ni toping.

18. A = (4; 5] va B=[ 2;3) bo’lsa, A \hlxanm 'tqptl:g{ng

19.{1;5] va [3;7] kesmalarning kesishmasin -

20. A={1,2,3}, B={1,3,5}, C={1,5.9} to plamlar berilgan. Shu
to’plamlarga universal to'plamni aniglang. ) , ]

21. 4={,23,5 va B={;5} to’plamlar berilgan bo’lsa, 4/B i
toping.
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22, A={2, 5; 7; 9} va B=§2: 4 s .
holda ANB ni toping. } {2; 4; 7} to’plamlar berilgan bo’lsa, u . x _-3n+2, 21, x 4n-11
23. 4={2; 5, 7; 9} va B={2; 4; 7} to’ . T T na3” "% o049’
holda A/B ni toping. } {2; 4; 7} to’plamlar berilgan bo’lsin, u 12 2n—-9 4n+9
24. Agar A={1; 2; 3; 4} va B={1; 2} to’plamlar beri , R Ty 2% =055
holdaf;/;B ni toping, ’ ar berilgan bo’lsa, u 13 x 28+3. )3, 5 oZ20¥1L
, °{Q/U)’1dag1 to’plamni sonlar 0’qida tasvirlang: * Bn+l’ T Ane7
x, .
22 x.eN,. x<3}; 2) {x/xeR, x<-7}; 14. x_ =__6_n_—_5_; 2. %, =—4n+11;
- Quyidagi to’plamni sonlar 0’qida tasvirlang: 4n-3 3n-2
27, Ouvidacs to’ o1 b2 {/xeR, -2,7<x<0); R R T 2 %= T3
- Quyidagi to’plamni sonlar o’qida tasvirlang: - _
{ {x/xeR g: 16. x _3n 7. 2. x. = 3n+10,
2; <R, x>3,2}; 2) {x/xeR, 3,4<x<8}. . “ 4n+5 "*e T on+6”
. Quyidagi tenglamalar yechimlarining to’plamini foping: 17.x = —5n+l; 27. ___-—3n+2.
29, Quyidagi 4x+5=4(x-7), xeR; ' ® " 2n-3 "~ 2n+ll
- Quyi gltenglamaéar yechimlarining to’plamini toping: ‘ 18. x, = n+12 : 28, x ___2n—7;
x+3=3, xeR; ’ —5n+2 * 3n-8
30. Quyidagi tenglamala; yechimlarining to’plamini toping; 19. x, = ;‘;:i, 29. %, = 2; -: 57 .
. ; - -3n
x—-4=0, xeZ; i 20, x =0=4 . 30. x _5n+8
2 - iri . o b * T s . X, = "
quyidagilamni t::::"“"‘l- Berilgan {xn}n=l ketma-ketlik uchun el ~on-t
g: .
3 — topshirig. Limit ta’rifidan foydalanib onf(x) =A.

a) P_’n: X, =a;
b)shunday n, mavjud bo’lsaki, barcha n>n, Berilgan €=0,01 shunday $>0 mavjud bo’lsaki, Ix—x0|<8

|x, - a| < 0,001 tengsizlik bajariladi. lar uchun - tengsizlikdan lf(x) - Ai <0,01 tengsizlikning bajarilishi kelib chiqadi.
1.x, = 3n+1 . 6. x _6n-5 );"
-2n-1’ : n"3n+2; i Ne f(x) Xo A
2.x T2n+5, 7. x = 4n-2 1 Tx—1 1 6
n n+l ) n_m; s 2 Ox+1 -1 -8
3.)( =n+2. 8. x __5n+3 3 3X+4 2 10
" 4n-1’ T 2n+7’ 4 5x+3 ) 7
4.x, =>0-11. 9 x —3n+4 5 8x-2 2 14
" 2at7 R 6 x-9 2 =2
5.x =50+l 10 dn—6 7 6x—1 2 5
n _n_3> . Xn=_3n+5; 8 4X2—1 1 3
9 —3x+5 -1 8
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22. A={2; 5; 7; 9} va B={2; 4; 7} to’plamlar berilgan bo’lsa, u
holda ANB ni toping.

23. A={2; 5; 7; 9} va B={2; 4; 7} to’plamlar berilgan bo’lsin, u
holda A/B ni toping.

24. Agar A={1; 2; 3; 4} va B={1; 2} to’plamlar berilgan bo’lsa, u
holda 4/B ni toping.

25. Quyidagi to’plamni sonlar o’qida tasvirlang:

1) {x/xeN, x<3}; 2) {x/xeR, x<-T};

26. Quyidagi to’plamni sonlar o0’qida tasvirlang:

) {x/xeZ, -2<x<2}; 2){x/xeR, -2,7<x<0};

27. Quyidagi to’plamni sonlar o’qida tasvirlang:

1) {x/xeR, x>3,2}; 2) {x/xeR, 3,4<x<8}.

28. Quyidagi tenglamalar yechimlarining to’plamini toping:

4x+5=4(x-7), xeR;

29. Quyidagi tenglamalar yechimlarining to’plamini toping:
2x+3=3, xe€R;

30. Quyidagi tenglamalar yechimlarining to’plamini toping:
¥ -4=0, xeZ

@™
Led

2 - topshiriq. Berilgan {X,}., ketmaketlk uchun
quyidagilarni toping:

limx_=a:
a) n—»0 n ’

b) shunday n, mavjud bo’lsaki, barcha n>n;, lar uchun
|x, —a| < 0,001 tengsizlik bajariladi.
_3n+1 6. x =905,
" _on-1 " 3n+2’
_2n+5 7' xn= 4n.-2 ;
2. X, = n+1 H —Sn+3
3 n+2 8. xn=_5n+3;
. x"=4n_1’ _2n+7
45 _Sn-11 9, x, =—n+4,
T 247’ 52.—26
5 6n+1 10. x, =——2_.
’xn=_n_3’ =-3n+5

90

ll.xn=-3n+2; 1. x =4n—11;
-n+3 " 2n+9
12.x, =22, 22 x, =2nt9.
~Tn+10 * -n+5

13. xn=—2n+3; 23. x =—2n+11;
-3n+1 " 4n+7

14. x, =@:—5; 24. x, ___—4n+11;
4n-3 3n-2

15. x, =2+, 25. x, = 2*L.
-3n-2 —4n-3

16. x, =32=7. 26. x, = —2+10,
" 4n+5 —5n+6

17. x =;51‘—'1; 27. xn=—3n+2;
® T _In-3 2n+11

18, x =2+12 . 28. x, =227,
* ~5n+2 3n-8

19.x = —n+8 ; 29. %, = 20+3 ;
* —5n+4 -3n+7
S5n-4 5n+8

20. x_ = ; 30.x_= .
%= apr1l R

3 — topshirig. Limit ta’rifidan foydalanib gn})f (x)=A.

Berilgan €=0,01 shunday §>0 mavjud bo’lsaki, |Xx—X,|<8
tengsizlikdan |f(x) - A] < 0,01 tengsizlikning bajarilishi kelib chiqadi.

Ne f(x) Xo A
1 7x-1 1 6
2 9x+1 -1 -8
3 3x+4 2 10
4 3x+3 -2 =7
5 8x-2 2 14
6 %“-9 2 =5
7 6x—7 2 5
8 4x-1 1 3
9 —3x+5 -1 8
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10
11 8x—4
12 433 2
13 xz—-l 1 12
14 x4 L 1
e
1 —x+4 11. §i 150750
lg =2x+1 2 7 il'mmfj : +5%°+9
18 —3x-3 1 2 : x"+x°+3 > T r5e
- 1 =) 12, o RS +8x 21, g X+ X"
19 - -6 1o X2 +5-7%° =) +5% +8x°
20 3x+4 4 | Jxlo+5x5+ 5 :[_Lwﬂfi 3 s
21 7x-2 2 -1 I 13, lim— VX" X +2x 22, lim Y 5%+ i
2 10x+1 2 =2 | Pt +7x% +%° e Yx® X+7
2 12 12 Yx® X P13
23 x5 1 I \ 5110 18x° 03 1i et +3
N 2 i | o o e
1 ! m + loxls x=o 5 +x2
35 —6x-+5 -1 1 ) e f5x20 +3 . ¥x°+x? ;
26 -x+7 -1 -8 ! x* +10x-12° 24 X HO+7x
27 —x*+1 1 11 i 5. lim7 X* 4 TX +x 4. lim X* +2x -5 +2x"
—x2 6 1 x—xo0 § +X +2%° \/x2° 10 .
28 x2—5 1 ’ 8x* + 5% . -,/___"_'}i‘ +4x5
29 3%-9 3 0 | 16. ki zsl-wx—m'm ’ 25. 1i Vx® +%° x
2x+ 3 -14 | - lim x% 4+ 4x3° o T +X +20x
30 7 | x—)xlsJ 3 —3 2x +J § .
—4x+3 -1 0 : x*+x*-3 ; I X +3x2+9’
4 D) 5 | 17. ,\‘,/T—x'*'sz 26. lim 9% + 5%° +4
— topshirig. Li i fim XX aoe 13 x’ +4
irig. Limi =5 4 1 T § +7+3 xS +x*
mitlarni toping Y= +x* + ; wﬂ+9x;
e B 3x ' 18. lim J&TTEZX 27, lim LNt 5K X + 20
e g L2 X x 10 ey
1 xl+ . ‘ 0+ 2% ] +Ax5 137 :
J’x_zo_i"'x" T 5 5 55 19. & ‘5/7_*'5:3)(4’ 28. lim Wx® 15
. um +x5+x x—x 10 X +10 : hm X "I‘xlo x—30 5 x—7
X0 3/;('—5 +3 02 756 4 X : x-melo = +10 | J;m+x9+4 :
gﬁ)_+_3§+_2 ’ 7. lim %/;W_g’sz 20 e/—,(,—Jf&ﬂls’ 29. lim’\‘/x"‘—+x’—+3x3
'i’?o_"_i“_"z"_g = 4x+7 +4%° 'lii“_’i._ti‘f_"l e f3x 3+
m. 2; X +x“+x2 M m 5 X +2x+5 >
. H 8. lim W’*9X4 -9x’ 30. lim e
- lim +x%+5 x—m 5% +x° § — topshirt . x—0 10 +X" +X
T X +2x° 1 5x7 ) : pshiriq. Limi ®
x7 +6x% ; 1\8/3—’(+3x2’ tlamni topin +4+20x%
%/X—s-— +7 9. lim x36 4+ g0 L i x3 : ping.
= i +2x* +3x° x-so $fy 40 +7x° ) 11,“‘2"'—3’(2."'2_’(
x2' +5x? 5 +x* +10 ; 2 x2ox-— ;
T 0 i Sy gL
x-p® - X2 2 x> 2 .
%/xm X 15 3x _7x_2; 26x “5x+ M
#5300 3l X222 5. tim X1 1
1 ox*-1 ’ >t ;:1_1,
6 lim* —3%+2
x>l x4 .
—4x+3°
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10 8x—4 2 12
i1 4x-3 1 1
12 x2—1 1 0
13 x>4 3 5
14 6x+1 1 7
15 —x+4 2 2
16 —2x+1 1 -1
17 —3x-3 1 —-6
18 X5 4 -1
19 -3x+4 2 -2
20 7x-2 2 12
21 10x+1 1 11
22 12x-5 2 1
23 11x+3 -1 —8
24 —6x+5 -1 11
25 —x+7 1 6
26 —x2+1 1 0
27 —x2-5 3 -14
28 3x-9 3 0
29 2x+7 -1 5 .
30 —4x+3 2 -5

4 — topshiriq. Limitlami toping.

Yx' +3x +1
x4+ x? +x +x*
VP ex*+x +3
x—rg 3/ 15 ;
\/x +3x+2
lim ¥x° +4x2 +9 )
x—0 35 + Tx +5%%
limJ’x"«i-x“+5x-i-2x’_
" x-w 2/ 27, 20 ’
X +6x% +7
3{.6 3 2
Jx +2x° +3x
lim .

A 9
e TN 5x? 4 x

?
x—o 8
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 ¥x®45x° +10x
6. ,l‘:_rgw 20 3 2’
X +7x°+94+x
7 tim Y +ax+7+4x*
- ’
x—® {/;20 +x" +x% +9%*
WO 5k
8. lim T - =
xoe \/x +5x" +3x
ns[xss + 0 475
9. iim :

1 3
X g/x«) +x2 +10x

10 limJa x”?+x"” +5x 15

e 406 L5 4 3x°

T
11. lim—YX_+5x" +9

%" +x° +3 +8x;
12, VX XD +5-Tx
oo Jx 4 5x5 4+ x +2x
. Ix* +7x2 +x}
B m‘«'f/x‘°+5x“+10 +8x%
14, fim 10543
e 5x® +10x -12
o I R 2
o Y 4 5x0 413410
N oy
= 3%+ x* ~3x +5x%
17. lim Y%’ +743 ]
o xS +x A x +2x
18. lim JE +7x5 +x -10 _
22 %O +2x7 +5 4+3x*
. Yx®+x"+10
P !‘l‘l’gxlx‘%x’ x+15
 YxP+ax’ +7

S — topshiriq. Limitlami toping.

X 3k +2x
L lim—ur-»————.
=2 x2_.x_-6
2 1 x? -2x )
x+23x2 ~7x -2’
3 2
. X +x -
x-1 Xz-l
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’1. limv X +x* +5x +8x°
o Jx®ex®rxd
. BxEFisx® rx 47
22'?-% sf_aw _ _2 ;
Yx® +x +3
612 — 2
23'ﬁmsx +3x—-4+x :
=2 %0 4 x4+ 6 +Tx

24, lim‘js X +2x -5 +2x"

2
e Jx® 4 x4 x +4x°
| T 3
. Vx
25. lim > +X+X +20x

2 9% + VxS +3x2 49
2. lim_ 050 +4
=X x4 x + 9%
27 lim‘js X +5%% +x +2x°
o YxBr4xt 437
. Nx®P+5x-7
2 ’l‘l‘ailx'°+x’ +4+3%°
N e
oo \f3xP+2x+5

ld 24 20
30. lim X +X7 +X

ool 20 48 442057
3—
4. lip —3X 1

m——;
=Y 6x% -5x +1
3 2
5. lim X TX
x+-1 x _1
4
6.limx4 3x+2;
X" —-4x+3

e




(x*—2x-1)(x +1)

7. lim
-1 x4 4x? -5

2
8. lim— x4
=2x° —2X°—-x+2

4
9. im

_X =X .
x—1 xz+x_2’
4 182
10, i X 212X ¥x 42,
x->2 X _4
2—
11, ;=X
. x>l X° —x -'X'I'l
. x?-125
12. im——;
x5 x3 _2x2 _lsx
. x% -4
13. im—————;
2 33 —5%x% + 6%
2— —
14. m— 22 2221
x4+ 2x° —x-2
3
5. Hm(l+x)2—(ls+3x);
x>0 X*+X
2—-
16. lim 2 —5%+9 .
3 3% —10x+3
39l
17, m 2% Z2x A2l
x-»1 X —-x +3x_3
2—
18 lim— = —ox+16__,
4 X —4x" —2x+8
_ (x?+3x+2)
19. lim > > :
x1x7+2x°—-x-2

6 — topshiriq. Limitlarni toping.

. x*+x-12
1. Iim :
x-3 Jx_z_J4_x

. X
. hm———;
=0 3fx +1-1
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23. lim

24. lim

25. lim

27. lim

28. lim

29. lim

20. 1imi’i,i'_?.;
x=25x° —11x+2
4 2
21 Em 23X =4,
x=2 X _16
3—
22, lim—X %% .
x->43x -11x-4
_x=1
x-+1 2x4_x2_1’
(x* +2x+1)’
xX=1 x5+x2
x'-2x>-4x+8
=2 x?—4x+4

3 2
26. lim 213X +2%

?

X-2 X2 —-x—6
_x-8
X2 xz _3x+2 4
(2xz—x—1)'

= x4 2x%2-x-2"
x'-81
x-3 x4 +2x3 _lsxz ’

30 lim(l +x)3 -(1+3x)

x>0 xz + X6

i

BxrlT—2x+12

DI :
)*-n;l'} x*+8x+15
4) Hmdx—l—z;

x5 x—5

iy
. 3xP+4x+] 18. lim b :
5. l ; ) x> —
K43 -5 +3% N
h+x® -1 19. § 5x* +6x+1 :
6. x'-»e x? ; ot Jx 49 -241-%

2—x—Jx+6 20. ki

5-x-2,

- x> -x-6 ot f2-x -1
. J1+2x-3 _ 5ox-x-3
8. lim—=——; 21 im
x4 J;__z ’ % 2x*-9x+4
3 :-16
] . X .
0 iy s 2 I foxv1-3
v J1- o x4l
10. i VX NI7X 23. lim—p————-

x>0 J; ’

. Jx+10-4-x
11. lim 5 ;

=3 2x*-x-21

3 371 _.
12, fim X =Y

x—0 X 25-

24. Iim

0 Jxt +16-4
o Jo+sx+4x2 -3,

x>0 x* +9x
W3
Jx+l3—2xfx—:i;

Ca1-5-x 26. lim——3—5
14, 1im‘/3-+—f_’z"m; 27. fim -_____.”‘*1 :
= 3x*-4x+1 -1, f6x> +3 +3x
15, m_ Y222, J=2x-1=3x
Hk/z_—,if—l—_s’ 28 I 69X
16. lim x+14—J4_;—x; 29 ﬁm\/38+3x+x’—2;
x5 2x%+11x+5 Jm———
17, tim JE=8+ x4 e
e x B 6

7 - topshiriq. Limitlarni toping.
COSX —COS’ X _

1. lim = ;
x-0 X
. sinx—cosxX

2. limSRX "X,
x-¥ l_tgx

95

arctg2Xx |

3. lim———

. . ’
x0 sin3x
X —sin2x
. - ?
x-0 X +sin3x



2
3x*+4x+1 18. 1i x’ -1

m 5
3. i ’ x-»] - 4
e Jxr3—Y513% \/115:25+ 6{2:;
h+x* -1 . lim ;
6. lim 1+x 1 19 x*ﬂJx+9_2ﬁ_x
!-’U 5 x 2
«/ —J +6 \/
2. lim 2x x’; : 20. lim* P22,
-Jl+2x -3 ’ hm«/S X —x—
8.1 ’ Tx 2x? —9x+4
X—b4 J—- 2 x2—16
2 2. li 5
2
10. 11mx/1+x -J1- x 23. lim \/x +1-<1 .
x-0 J— x-0 x +16 4
11. im YX+10-v4-x 24 lim\]9+5x+4x -3,
A o T X rox
\/31+x \/l x +4-2
12. lim x-.o 25.hmJ._ 3
13 2= 5+x 26 lim\/X'Pl —2\’X+l.
"’“l 1-5-x - lim =5 ;
\/3+2x—s/x+ . xt+1 .
14. lim > 217. hm______,
“" 3x? —4x +1 ) fo et 13+ 3%
,—-—J_ 2, 1-2x —41-3x
15. lim 28, lim J J :
H4 2,-—X+ 3 ra— ""° x® +6x% +9x
16. 1 X+14-v4-x 29. \/’8+3x+x —2
- 2x% +11x+5 i
17. 1 Yx-8+Yx+8 20, fim 1= Jx—4
Mg At
7 - topshirig. Limitlarni toping.
°P:o;;"1 cos’x 3. lim arcthx’
L lim—-——;——; x+0 sin3x
- * X—sin2x
2. lim SIRX O, " x40 X +sin3x’

1-tgx
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. (n . l-cosSx
5. lx_xgctg2x-ctgk§-—x > 18. ll-%]-cos3x;

6. lim 1= YCOSX . 19. u,%_‘(%ziﬂ;);
x—0 xz 4 X=¥ X —~Cc0S2X
7. lim SSX =008’ X 20, fim_L=C0s2%__
Cxw0 x? ’ 0 cos 7X — cos 3x
. . =
8. lir%sm6x5—sm2x; 21. lin‘}l :Of x;
x— X X X_" -
in’ . 2xsinx
| x—0 x -arctg2x l—cfosz
. sin5x-sinx 23. ljm-_208%X,
10 !:1_{13 tgSx ; x50 2x-tg2x
X 2. 1i Jl—cost.
1-cos— . x:fg_;._’
11. 4 -
e tg?5x 25 ﬁmcosx-cos3x'
3 PEY) Xz 4
12 HI% t‘g 5x3 ; . Xctg2x
*0 sindx 26. lim 2 282X
. arcsin® 2x x0  sin3x
13. htxg_z—; . l-cos’x
x-» arctgx 27. lln(}.——;
14 1imcos6x-colex. x= lis;xian;c
T tgfx 28, lim L} SIRX ~COSX
sinlOi 3:in2x "0 1-sinx —cosx ’
15. lim——————"<%. _ 2
=0  arcsin3x 29. limg.ﬂs._’fl_;
16. 1im_tgx.—38inx; *=0 ztix——;ln?(
x-0 SIn X 3 30. lir% CSlnX.
17. lin&.‘f?x'_zcm_i‘.; 2x +arctgx
x-» X

8-topshiriq. Ajoyib limitlardan foydalanib limitlarni hisoblang.

*

L. lim(x +7)[In(x +1)~In(x +3)];

X—o

2 2x
5 hm(z.x +1J ;

AH® 3x2 _l
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3. lim(2x +1)[In(3x +1)~in3x

4. lim(3xz +2Yz-

3x*-2

X—p0'

5. lim(x - 5)[ In(2x -3)-In(2x -1)];
6. ﬁm(l+3x;) x
x=0{ 1-2x
7. lim(6x +3)[la(5x + 2)~In(5x ~1) ]

3

_2\a

3. 1@(2 ",) :
o 2+ %7

9. lim(2x —7)[In(x+4)-In(x+5)];

e

x—m
24X

1+2x2

x=0

2\ @
10. lixn[l+4x) ;

11. lim(x +3)[In(2x~3) -In2x ;

2 "2
12. lim[4+xz) ;
el 24X

13. lim(2x - 5){ In(3x +4)~In(3x-2)

XD
3x?

14, m( 2x -1 ](m);
ol 2X +3

15. yﬂ(3x+2)[1n(4x+z)—1n(4x—1)];

x2-1

6. ﬁm(3x+l)x+z;
e\ 3x—5

17. lxigxw(xu)[m(zx+7)—1n(2x+2)];

3x2-1

. (3+2x )=
18. lim :
Hw( 1-4x )

19. liixg(x+2)[ln(3+2x)—ln(2x—l)];
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20.

21. lim

22.

23.

24.

25. lim

26.

27.

28.

29.

Sx2+1

lim(4x+ljm;
x=o| 4x -]

n(2x-9)[In(6x +1)-In6x ;

2x+1

I 3-2x*)#

im ;

0| 34 x?

fim(x +1)[ In(2x +10) ~In(2x -3)];

2 2x1+1
lim 4-2x° :
= 1-2x% )

lim(8x ~1)[ In(9x +2) - In9x J;

X

x4
. (4x2+1)73—
lim 3 ;
x>0\ x2 41
lim(6x - 2)[ In(2x -3) ~In(2x +5);

X=rm

2x-1

2_4\22

n 2x2 4):2 :
0 3x" -4

lim(2x +8)[ In(x +2) - In(x -5)];

X—>x0
X+3

2 _1\e2
30. lim(4xz ‘1)“ .
x>0y x“—]

9 — topshiriq. Ajoyib limitlardan foydalaniblimitlarni hisoblang.

% 1/2sinxx
5. lim(l + cos—) ;
X1 2 L
lim(1- arcsinx)'/é%ﬁfﬂ"z) :
) x=3) ’

(1 + «/xT——9)mm ;

(l —arccos x)vx .

1. hm(l+s1nx)

X I/ x2-t
(l + cth) ;

2. lim

x-»l

l/thx

[«)}

3. lim(1 + tgmx )/ 7. lim
x> Yoos(ex/2) x=3340
4. lim (1 +Vx+ l) : 8
x=+1+0 x""‘
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. . c:glx.
9. llf.%(l +sin3x)™ 3

10. lim {1+ -9)0'”;

o qe . 1,
11. lim(1 +sin 7 )"™™";
x>

12. lim(1 - arotgx)"™";

13, m(1+m)"m;

X2

14. lim(1+sin3x )™

z
x—=
3

Ifsin2x
15. ﬁm(ntgf] ;
x-»0 2

. Ifsin3x
16. lim(1+tg2x)™";

17.x1i_%(1+~/§2—36)m;

18. hm(4 +3cos 3x)m83

2=X
=3

19. lim(2-tgx)"*"™;

x-)—

20. fim (1+37 —4)'/”(’“]2),

22. lim (1+J§_1r)cw

x->%+0

23. hm(l+\/—_-)‘/ *

x-»2+0

24. lim(1- —sin2x)™;

X%

25. lim(2 - ctgx

x-7

26. lim(1 +otg3x)"™;

b

)llm4 .

27. lim(1+cosx)"™;

1 — Ifarccosx
28. xl_i’xlngo(l——cos—z—) H
1/sinxx
29. lim(1- x—3)
x-3+0 / et

30. hm(l+cos2x)

l—)z



3.8. Hosila. Hosilalar jadvali

y=f(x) funksiyaning x, nuqtadagi orttirmasi Ay ning argument
orttirmasi Ax ga nisbatining Ax nolga intilgandagi limiti mavjud bo’lsa,
bu limit y = f(x) funksiyaning x, nuqtadagi hosilasi deyiladi.
Hosilaning belgilanishi:
Y yoki f'(xp) yoki L yori L.
dx dx
Shunday qilib, ta’rifga ko’ra:
foO):EBO%:AI?P,Of(xo +AA2—f(x0)’
Agar y= f(x) funksiya x, nuqtada hosilaga ega bo’lsa, u holda
f(x) funksiya x, nugtada differensiallanuvchi deyiladi, hosilasi topish
Jarayoni differensiallash deyiladi.
Geometrik nuqtan nazardan y = f(x) funksiyaning x, nuqtadagi
hosilasi uning grafigiga M(x,, f(x,)) nuqtada o’tkazilgan urinmaning

Ox o’qining musbat yo’nalishi bilan hosil qilingan burchagining
tangensiga teng (1- shakl).

I- shakl

Yugqori tartibli hosilalar

y=f(x) funksiyaning ikkinchi tartibli yoki ikkinchi hosilasi deb
uning birinchi tartibli hosilasidan olingan hosilaga, ya’ni (')’ ga
aytiladi.

Ikkinchi tartibli hosila quyidagilarning biri bilan belgilanadi:

2
e, 2L
100

y=f(x) funksiyaning n-tartibli yoki n-hosilasi c?eb- ung
(n—1) - tartibli hosilasidan olingan hosilaga aytiladi. 72— tartibli hosila
uchun ushbu belgilashlardan biri qo’llaniladi:

y(n) , f(n) ),

Belgilashga ko’ra
s
i-misol. y=In x funksiyaning 1 —tartibli bosilasini topmg-
Yechish. » marta ketma-ket differensiallab, quyidagiga ega
bo’lamiz:
v 2‘3

2 y == ,
T e— — R
3° x*

1
y=—, y =_—2-7 y
X X

o

e (;gﬂ(n -y

x 0’zgaruvchining y funksiyasi oshkormas shalfldn F (x,y)h=0
tenglama bilan berilgan bo’lsa, u holda y' hosilani .toplls;h u,c; un
F(x,»)=0 tenglikning ikkala qismini x bo’yicha diﬁ‘er.ens?aua- ’hsTcerilka
hosil bo’lgan ' ga nisbatan chiziqli tenglamadan hosxlan.l to;a'xls ’
kkinchi va undan yugorirogq tartibli hosilalar ham s:hu ~k§bl topll: l;;rqali

Berilgan misolning birinchi tartibli hosilasint map
topamiz:

> diff (In(x), x);

1

x
2-misol. Oshkormas holda
x2 +y* =64 ’
tenglama bilan berilgan y funksiyaning ' va J" h°$"§}a;:;;°p;“;lgan
Yechish. y o’zgaruvchi x ning funksiyast deb 1'sz. >
tenglamaning ikkala gismini x bo’yicha differensiallaymiz:
2x+2y-y'=0.
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Bundan y'= -% topilgan birinchi ' hosilani yana x bo’yicha
differensiallaymiz:
y'=0)= -y—_ziy—-
Endi ekanini hisobga olib,

ni hosil gilamiz.

11 : (2] 4 : 1
Shunday gilib, ¥ =2 3 yoki ¥ =—6—3, chunki shartga
y y

ko’ra x? +y? =64,
Agar y funksiyaning x argumentga bog’ligligi
{x = x(2),

y=y(t)
tenglamalar bilan parametrik shaklda berilgan bo’lsa, u holda

e e (Y)Y 1 _yix -y
ety (2) L rimsit

X 7 x'y e Xt (x't )3
3- misol. Ushbu
{x =8cost,

y=8sint
parametrik tenglamalar bilan berilgan funksiyaning birinchi va ikkinchi
tartibli hosilalarini toping.

Yechish.  Yuqorida keltirilgan formuladan

foydalanib,
quyidagilarni oson topamiz:

x; =-8sint, yi=8cost;

-r.‘

V' _ 8cost i

=2L= """ = e

x x,' —8sint g
102

Y ' 1 - = 1 :
y?:(? il S e ey p
t Jy Tt

Berilgan misolni maple orqali yechamiz:

x =8 cos(t)
> y = 8- sin(¢);
y:=8 sin(¢)
o diff (y, 1) )
ed vl
afinn ,
L4 cos(#)”
1 sin( ¢t
T8 sin(r)
> smartplot( %)
1, x10* ~
T ‘ I'D
5 3 " .
.l,l""
-3, 200"

3.9. Funksiyaning differensiali

. _ o ekl
y=f(x) funksiyaning differensiali deb, un}ng ?mm;:sl:l:iimiga

0’zgaruvchi x ning orttirmasiga nisbatan chizigli bo Igan

aytiladi. ) . i i

T ‘y= f(x) funksiyaning ~differensiali dy Dbilan b? lgﬂm:;:i

o z
Funksiyaning differensiali uning hosilasi bilan erkli ozgar
Orttirmasining ko’paytmasiga teng:
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dy=f'(x)Ax yoki dy=y'Ax.
Ravshanki, dx=Ax. Shu sababli
dy=f'(x)dx yoki dy=y'dx.

Differensial geometrik jixatdan y= f (x) funksiya grafigiga
M(x,y) nuqtada o’tkazilgan urinma ordinatasining orttirmasiga teng (2-

shakl).
Funksiyaning differensiali dy uning Ay orttirmasidan Ax ga
nisbatan yuqori tartibli cheksiz kichik miqdorga farq giladi.

¥

Ys,

7« s

2- shakl

Agar u=u(x) va v=vy(x) funksiyalar differensiallanuvchi
bo’lsa, u holda differensialning ta’rifi va differensiallash qoidalaridan
bevosita differensialning asosiy xossalariga ega bo’lamiz:

1. d(C)=0, bunda C - 0’zgarmas.

2. d(Cu) = Cdu.

3.dutv)=du+av.

4.d(u-v)=du-av.

5.dC) =M g y 0.

6. df () = f'(u)-w'dx = [ (u)du.

1-Misol. y =1g*2x fanksiya differensialini toping,
Yechish. Oldin berilgan funksiyaning hosilasini topamiz:

1
=803 2x =8tg32xsec? 2x.
y== cos? 2x g

U holda

104

dy =8tg’ 2xsec’ 2xdx .
Berilgan misolni maple orqali yechamiz:
> diff (tan*(2-x), x); ,
4tan(2x)? (2 +2tan(2x)?)

¥=f(x) funksiyaning ikkinchi tartibli differensiali deb birinchi
tartibli differensialdan olingan differensialga aytiladi va
d*y =d(dy)
- be;g: afn(jc(;l‘ﬁmksiyaning 1 - tartibli differensiali deb (7—1)
differensialdan olingan differensialga aytiladi, ya'ni:
d"y=d(d"'y). .
= f(x) funksiya berilgan bo’lib, bunda ¥ — erkli 0’zgaruvehi

iallari ulalar
bo’lsa, u holda uning yuqori tartibli differensiallari ushbu form!

b0’yicha hisoblanadi: @
dy=y'dx®, dly=y"dc,..d"y=y a’.
o a1 ibli diffe-
2-misol. ¥ =x(ln x—1) funksiyaning ikkinchi tarti
Tensialini toping. e 4 ikkinchi
Vechish. Berilgan funksiyaning birinchi va ikkie
hosilalarini topamiz:

-tartibli

tartibli

1
1 n_
y'=lnx—l+x-;=1nx, Y3

1
Demak, dy =In xdx, dZJ’:;de‘

) A . idan Ax= dx
Funksiyaning dy differensiali uning AJf oﬂﬁﬂﬂ:q qiladi, sho
82 nisbatan yuqori tartibli cheksiz kichik miqdorga
sababli Ay ~dy yoki '
fx+Ax)— f(x) = [ ()X
bundan

F(x+Ax) = f()+ f'(X)Ax
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formulaga ega bo’lamiz, bu formula funksiya qiymatlarini taqribiy
hisoblashlarda qo’llaniladi.

3-misol. arcsin 0,15 ning taqribiy qiymatini hisoblang.
Yechish. y=arcsin x funksiyani qaraymiz: x=0,15, Ax=0,0l

deb olib va arcsin x+ Ax)~arcsin x + (arcsin x)Ax  formuladan
foydalanib topamiz:

arcsin0.51~arcsin0.5 + —-—1——— -0.01=
J1-(0.5?

=%+ 0.011~0.534.

Shunday qilib, arcsin 0,15~ 0,534 radian.

Roll, Lagranj, Koshi teoremalari. Lopital qoidasi
Roll teoremasi. Agar y=f(x) funksiya [a,b] kesmada
uzluksiz, (a,) oraliqda differensiallanuvchi va f(a)= f(b) bo’lsa, u
holda aqalli bitta shunday x=c (a<c<b) nuqta mavjudki, unda
Sf'(¢)=0 bo’ladi.

Bu teorema hosilaning nollari yoki ildizlari haqidagi teorema ham
deyiladi.

Lagranj teoremasi. Agar y=f(x) funksiya [a,b] kesmada
uzluksiz, (a,b) oraliqda differensiallanuvchi bo’lsa, u holda aqalli bitta
shunday x=c¢ (a <c <) nuqgta mavjudki,

SB) - f(@)= f'(c)Xb—a)
bo’ladi.

Bu teorema chekli ayirmalar haqidagi teorema ham deyiladi.

Koshi teoremasi. Agar y= f(x) va y=@(X) funksiyalar [a,b]
kesmada uzluksiz, (a,b) oraliqda differensiallanuvchi, shu bilan birga
bu oraligda ¢'(x)#0 bo’lsa, u holda aqalli bitfa shunday
x=c {a<c<b) nugta mavjudki,

S®)-f(a) _ f(©)
od)-p(a) ¢'(c)
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bo’ladi, bunda @(b) # ¢¥(a). s 100 funksiya uchun
1-misol. [155] kesmada f(x) =X . —6x-;_;. fn (x) =0 bo’ladi?
Roll teoremasi o’rinlimi? X ning ganday qiymatt a. tlarida uzluksiz,
Yechish. f(x) funksiya X ning barcl.la quma jvmatlari teng:
differensialianuvchi va uning [1; 5] kesma ox?la?]::t%lar? 5t:t!:;ariladi. x
JU)=f(5)=95 bo’igani uchun Roll teo:'emasxzs‘6=0 tenglamadan
ning f'(x)=0 bo'ladigan giymati Sf'(¥)=2

aniqlanadi, ya'ni x=3.

3 i day M
2-misol. f(x)=2x—x> egri chizigning 4B 3{<l>ylda ;};:maYAB
nuqgtani topingki, bu nuqtada egri chizigqa ;tkazt gan
vatarga parallel bo’lsin, bunda A Y) va BG,— - N
Yechish. f(x)= 2x—x? funksiya X mng barcha q

*tkazilgan
) . . tgan M nugtada ©
uzluksiz va differensiallanuvchi. Izlanayolg _f__@_)__’_&q-)- ga teng,

. Ll a
o’rinmaning burchak koeffisenti shartga ko'r y—a

. ) 1kki a=1 va b=3
ikkinchi tomondan, Lagranj teoremasiga ko'ra idata

qiymat orasida f@e-f@=r (c)(.b ; agunda eym2-1.
tenglikni qanoatlantiruvchi x=¢ qiymat mavJit,
:l igi i 0, Sak, (] —
Tegishli giymatlarni qo’y e )= FEG-D
o (2-3—32)-(2-1-12)=(3—1)(2—2c)-

=2, f(»=0.
Bu oxirgi tenglamani ¢ g2 nisbatan yechsak, €

i a.
Shunday qilib, M nuqta (2, 0) Kkoordinatalarga €g
; kesmada
3omisol. f(x)=1(x-8)* funksiya achun [0; 10]

Lagranj teoremasi o’rinlimi?
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Yechish. f(x) funksiya x ning barcha qiymatlarida uzluksiz,
ammo uning f'(x)=#~—8—) hosilasi (0; 10) oraligning x=8
nuqtasida mavjud emas, shunga ko’ra Lagranj teoremasi o’rinli emas,

Anigmasliklarni ochishning Lopital qoidsi

0 .«
(6 yoki -
ko’rinishdagi anigmasliklarni ochish). f(x) va ¢(x) funksiyalar Xg
nuqtaning  biror  atrofida (¥ nuqtaning o’zidan tashqari)

differensiallanuvchi va @' (x)#0 bo’lsin. Agar
JDim f(x)=lm g(x)=0 yoi;  lm f(x)= m p(x)=c0 bo’lib,
1—)T X—)Xo x—)xo X—)

lim L) hm& f(x)boladr X—>®

=20 @(x) mavjud bo’lsa, u holda 0 o) x_)xO ()

da ham Lopital qoidasi o’rinli.
0.-c yoki o0—0c0 shaklidagi  aniqmasliklar algebraik

almashtirishlar orqah = yek1 — ko’rinishdagi anigmasliklarga keltirilib,

so’ngra Lopital qondasxdan foyda]am]adl
0", ® yoki 17 ko’rinishdagi aniqmasliklar logarifmlash orqali

yokx — ko’rinishdagi anigmasliklarga keltiriladi.

smx

4-misol, hm ni toping.
Yechish, Ifoda.nmg surati va maxraji x —»0 da nolga intiladi, shu
sababli g shakldagi anigmaslikka egamiz. Lopital qoidasidan

foydalansak.

Bu yerda Lopital qoidasi ikki marta qo’llanildi.
Berilgan misolni maple orqali yechamiz:

108

.1'3

— sin(x —nl.
>limit(i£—‘[—llvx"0]’

1

6

S-misol. limx? Inx ni toping.
- ; ikka egamiz “hx
Yechish. O-oc shaklidagi aniqmasl
shaklidagi
ko’paytmani lnlx bo’linma shaklida ifodalasak, natl_]ada

xZ

aniqmaslikka ega bo’lamiz. Lopital qoidasinilqo llay

, i 18X fi X =_%lin%x2 =0.
limx2lnx=lim——= x—
x—-0 x—0 _12_ x>0 -3

x x

Berilgan misolni maple orqali yechamiz:
> limit (x-x-In(x), x=0);
0
6-misol. hm(smx)" ni toping.
funksiyani
Yechish. 0° shaklidagi aniqmaslikka egamiz. Berilgan
¥=(sinx)* bilan belgilab, uni logarifmlaymiz:

) hsm x
hy=xhsmx=—7""
x
cOsSX
Ihsinx . snx_
Ilmh = bm 1 —F_l,]o 1
x—0 -0 1 -3
x x

l]mxzoosx__lzm X oosx) 0.
=- = in x
x50 smXx = S

ilib, limy=e =1,
Lopital qoidasini qo’llaymiz: Shunday qilib, umy
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3.10. Mustagqil ishlash uchun topshiriglar.

I- topshiriq. Funksiyaning birinchi tartibli hosilasini toping.

1. y=arcctg® (;:i’:) log; (arcsm )43"2‘

2. y= ng{i) + ctg,‘,(l - xz)3 sin%;
3 _ cos(l - xz)

log,ch X
og, ¢ 3

3. y=

+ arcsin? (ez" Ix? );

x2

arceos’| X
4. y=e [Hx] +ctg(4"3 VX +\/;)+ sin’ cos 2;

5. y=arcsinz(x-S‘szi:)-kctg(3 x_-l}’
L YXx+1

+ arccos

6. y=5uiix (x:’ -;-4)3 +__“x4+2x :
X 2x-1
7. y=ln2(e3" ++Je5 —I)+arcsin3(J§fT:{-2);

8. y=arcsin(gz}/1+2x—xz +log)ctg
X
1+V2x - x? -
9. y=ln t le X +arctg[lJe‘"’3";
X

1
xvx

—

otg5X+ X  _arsin®l
10.y="2"2 2x+3 tg2 );
Yy T-xotgsx +3 +cos (i/c g )

ll.y=arctg3——-—-cosX "wr"_
Jcos2x

2 3+chx +5*“-"'3,%3,
1+3chx ’

+ lncos—
3’

12. y = arcsin

110

13.y=(arcctgf\l-;.] +1n(x +~[1T7-(?);

x_ 5 3 .
i4. y=3"°°°’31-z: +(3x’ +l)cos—;\I;——;,

— arcsin? ’-X—HO’“S":;
15. y=arcsin 2+l

x*+1
16,y=ctg3(x-2m)+ln3

s X .
17.y = (arctg3 1) +27 + coshn2;

Sye*

. €
18.y = cosx 3% 1 Jog] sin )
x 2 .
19 y=1—ez arctge“"+ln’(~=oszx+m)’
o 1+e™ . 1
20.y =log} arcotg\1+x* +x ¢ +Insin s

1 4 g’ | [otgd;
=arcsin| —— |(2x-1) +¢
21.y—arcsm(2x_l)( x~1) :
22,y=(1+4x2)em2‘+m;
23. y=arctg 1‘ 2t§;+ ilog; (x“—2x);

sinx _sinx arctg'z' + ctg%/g >
X

24.y= lnc:osx+s]c052x )
_4 3-x3 6x .

_ _ 3 - +Inl2 + ’

25,y—-arccos 116 (

, lnx} 2\/—_———;—3;
26.y =log; . J+-3' arctge)

1
sin—
X

111



27.y= ln’coszx+4+4”°‘5‘r+cos 3tg2 ;
S5x+1

28.y= arctg(s?— x* sin%)+ log; (x +cos3x);

29. y=ctg’ {2"2 . cos%) +Inarcsin Jl —e¥;

2
30.y= Jl +ln(] +x2 cosl} +(arccosd1 —e* )3.
X/

2 —topshiriq. ' hosilani toping.

1. y=x—1n(2+e" N +l);
2. y=e* (2—sin2x —cos2x)/8;

e -3

b

1
3. =— t
2arcg

1 1427
4. =—1 ;
Y ma "o

5. y=2Je* +1+In XS0 e+l

ve* -'-1+1

7. y==In(e* +1)—2arctge®;
18e™ +27¢* +11

6(e" +1)3 ’
9. y=2(V2* ~1 —arctgy2* —l)/ln2;

8. y=ln(e" +1)+

Il.y=e™ (asian—BcosBx)/(az +Bz);
12. y =™ (Bsinfx +acosBx)/(a2 +[32);
112

.
HR

10.y=2(x ~2)i+e" - 21n((Vir e -1)s (et 41));

a,rl acos2bx+2bsin2bx :
13y=e l£+ 2(a” +4V%)

14.y=x+1/(1+e")-In(1+e*);

15.y= x~3ln[(1+ e"’“)m]—sarctge"‘;

8
l6.y=x+i—:;*/—4,

17.y= ln(ex +e* —1)+ arcsine™™;
18. y=x—e ™ arcsine” —ln(l+\/i:—e7;);

2
19.y=x —ln(l + e‘) -—2e""’2arctg.°,"/2 —(arctge”z) >

%3

20.y=—>
y= 1+x3’

a

2l.y= arctg| e J-),
y= mJ_ (
22.y=3¢% (¥’ - ~2¥fx+2);
J1+e"+ez"—e"—1;
Ji+et +e* —e* +1

sinx 1 .
24. y =& (x cosx)y

25. y—-——[ cosx+(x -1) smx]

23.y=In

26.y= arctg(e —e )

I +1203x -12
27.y=3e" [J_ sJ—+20x-60«/_+

28.y =—¢*/(3sh’x);

29. y =arcsine* —V1-¢>*;

30.y= —-;-e"‘z (x“ +2x2+ 2)-

113
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2x+4 4R

27.y =In’ cos=—— +cos3ftg2 ;

Sx+1
28 y:arcts:r[S—X—x’sini +log; ( :
: g3 > " g; (X +cos3x);

2 ]
29. y:ctgs(fz" -cosT-J+lnarcsin\}l—32“ 3
a 3X ’
\2
30. yz\/l +ln[] -l—xzcos-l—] +(arccos\,/l —e® ]3,

xJ /

2 — topshirig. ' hosilani toping.
1. y=x—]n(2+e"+2 ezx+e‘+1);
2. y=e*(2-sin2x —cos2x)/8;

" 1 e —3
3. = _arct
b 5 g
A y=—£—]n1+2 ;
In4 1-2%
5. y=2Je*+1+In 'I__I_I
A e +1+1
2 3
6. y==[{arctge®
y=>(aretge™)
T zlin e™ +1)—2arctge”;
y=n{e” +1) g
8. y:In(e“' +1) 18¢”* +27¢" +11

6(e + I)
9. y= (\/Z"—I—arctg\/Z‘—)/LlZ |
10.y=2(x - 2)5?—211((\/@—1)/(@“));
n.y:e“(asmﬁx—acosﬁx)/(al+;32);

12. y =™ (BsinBx +ocosfx)/ (o +);
112

uil acos2bx + 2bsin 2bx
13.y=¢ [— -

2a * 2(3Z + 4b1)
14.y=x +l/(l+e")—ln(1+e");
15.y= x-—3m[(l+ e“"ﬁ)vjl+e“’3j|—33rctge‘m;

s e s ;
6.y 1+

I7. y=ln(e" +ve™ —1)+arcsine";
18. y=x—-e " arcsine® —ln(1+v1—ez" );

19. y=x~— In(l-!-e) “2arctg e™/?

X3

e .
39
1+x°

21 l arct (e““\/;
Y= g = |l
g rrn/E 1§ b

22.y= 36 (J— 2«/;+2)

= 3
VIH-e” +e —e"+1

24.y=¢ 5'"‘[7{—- . ];
cosX
25. 5= = [(x ~Deosx+(x—1) smh—]
26.y—arctg(e —g” ),
27.v=3" [%/F-S%/F+20x—60%/x7+120{/£—1zo];
28.y=-e"/(3sh’x};

29.y=arcsine” —1-e”;

30.y= —%c"‘z (x“ +2x2 + 2).

(arctg e*? )2;

20.y=

23.v=In

113




3- topshiriq. »' hosilani toping.

1.

10.

12. y=
13.
14.

15.

__l_sin23x_

3 cos6x
_ sin’15x

Y = T5cos30x

__leos’3x

3 sin6x
cos’16x

Y= 32sim3ze’

_lsin’4x
"4 cos8x
_ sin’17x
" 17cos34x’
_lcos’4x
8 sin8x
_ cos’18x
" 365in36x
_sin’2x
" 2cosdx’
_ sin’19x

Y =19cos38x"’
1. y

_cos’2x

" 4sindx’

_ 1 cos®20x
40 sin40x ’

_ sin®7x

" 7cosldx’

_ sin®21x

y= 21cos42x’

1 cos?8x .

16 sinl6x ’

114

16, veol. cos’22x
Y= T4 sindax
1 sin? 6x
17. y=————;
Ty 6 cos12x
sin® 23x
18, y=——;
y 23cos46x
1 cos®10x
B Y= sma0x
1 cos?24x
20, y=—— :
y 48 sin48x
. 21
1. y= 1 sin“10x

22.

23.

24, y=

25.

26.

27.

28.

29.

30.

y _-1—0- cos20x

sin’ 25x

Y = 25c0s50%

1 cos®12x
“ﬂ sin24x ’

1 cos’26x
52 sin52x
_1sin’5x

5cos10x’
sin?27x

y= 27cos54x ;

_ cos’14x
28sin28x
cos? 28x

Y = S6sin56%

_ sin®29x

y= 29cos58x

_ cos’30x

Y = 60sin60x

4 - topshiriq. ' hosilani toping

1. Y=Xar05in(1/x)+ln|x+JxT—_1|,x>0;
2. Y=tg(23rccos\lltfx_z),x>0;

3. Y=M—ln(x+«/1—+_2—£);

4. y=xtarctgx’ -1 -1

5. y=arccos(1/\/1—+_2;;),x>0;

6. y=xln|x+sfx7-t3|—\/;2‘+§;

7. Y=aIctg(shx)+(shx)lnchx;

8. y=arccos((x2—l)/(x2sfi));

9. Y=1n(coszx+m);
10’5’'"'1“(?“'\/IT??)--«/1‘-!Ti—i;arctgx;

13. y = xJ4—x* +4arcsin(x/2);
14.y =Intg(x/2)-x/sinX;
15.y =2x + In|sinx +2cosx|;

16.y=,/ctgx —tg’x/3;
x+x2+1

- 2x

X+2
18. =-’;’————;
8.y x—2

x2 -1
X

’

17.y=l

19. y =arctg
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3- topshirig. »' hosilani toping.
_1sin®3x
"3 cosbx
sin’15x
Y = 15c0s30x "

1.

_ cos’16x
Y= 32sin32x’
_ 1sin’4x
"4 cos8x
_ sin®17x
Y = Tcos3ax’
7 y=__l_cosz4x;

8 s5in8x
_ cos’18x
Y= 36sin36x
_sin’2x
" 2cosdx’
sin*19x
10. Y = 19cos38x
_ cos’2x
" 4sindx’
1 cos’20x
40 sin40x
sin® 7x
3. y= 7cosldx’
_ sin?2Ix
y= 21cos42x’
1 cos’8x _

15. y=—7—

11. y

12. y=

14.

114

16. y
17. y
18.
19.

20.

21.

22.

23.

24, y=

25. y

26.

27.

28.

30. y=

1 005222:(.

44 sin44x ’
_1sin®6x

6 cosl12x’
sin® 23x

y= 23cos46x’

_ 1 cos’10x
20 sin20x °
__ 1 cos®24x
" 48 sind8x ’
_ 1sin?10x
710 cos20x
_ _sin’25x

y= 25cos50x

__ 1 cos’12x
" 24 sin24x ’
_ 1 cos?26x
52 sin52x
_Lsin’5x

5cosl0x’
_ sin?27x

y= 27 cos54x ;

_ cos’l4x
285in28x ’
_ cos®28x

Y™ Sesinsex”
29. y=

sin29x
" 29cos 58x’
cos?30x
" 60sin 60x °

4 - topshiriq. y' hosilani toping
1. y=xarcsin(1/x)+1n|x+m|,x>0;
2. y=tg(2arccos~/l——2?),x>0;
3. y=\/f+—2x_—ln(x+ 1+2x);
4. y=x2arctg\/xz——-l- ~-1;
5. y=arccos(1/\/1+—2x—z),x >0;

6. y=xln|x+vx*+3|-vx’+3;
7. y=arctg(shx)+ (shx)lnchx;
8. y=arccos((x2—l)/(x2\[2-));
9. y=1n(cos2x+\/l+Tos4—x);
10.y=ln(x+x/1_+?)—marctgx;

lnjxj] 1, x?
ll'y=l+|xi’ 2
12. y=1n(e" +x/;;—-3)+ arcsine™™;
13.y=x\/4——?+4arcsin(x/2);
14.y =Intg(x/2)~x/sinx;
15. y =2x +In|sinx +2cosx|;
16. y = fetgx —/tg’x /3;

x+Vx?+1

- 2x

2
18. =3‘,x+ :
y x-2

2
-1
19.y =arctg-x——;
X

’

17.y=In

115



20.y= Inlx2 -

X1’

X
21.y=arctg(tg5+lJ;
22.y=1n[2x+2Jx2+x +1I;
23.y= h:,cos&,+\/;tgw/;;

24.y =e*(cos 2x + 2sin 2x);
25.y=x(sinlnx — cosln x);

4 1
26.y=(\/x— —é)ez"”:’;
27. y=cosx-lntgx—]ntg§'

28.y=\3+x? —xln,x+\/3+x [
29.y=vx - ~(1+x)arctgx ;

30.y = xarctgx ~In1+x2

2
5- topshiriq. :_y %xz differensiallarni toping.

l. y=Intgx;

7. y=1ntgi;
2. y=Insin(2x +5); 2
3. y=Inctg2x; 8. y=vi-3x;
4 y=2% 9. y= ez"(\/2x‘~l),
5. y=sin®X; 10. y =sin*>;

2
6. y=ln(x2+5); ll.y-_—cossi
3

116

12.y=vy2x2+1;

13.y=1nctg§;

14.y=tg-§3—,
X

15. y =arcsin/2x ;

16. y = arctgf3x ;

17.y=ctg—12—;

1
19.y= N
y sin2x
20.y- 1 =3
cos3x

21. y=Incos2x;

22.y =cos%,
X

23.y=lncos§;

24.y =arccosVx ;
25.y= arcctg\/Z_x H

26.y=t 2§;
y=1g >
27. =ci°3§;
«l.y 5 3
28. y = arctge®;

117

29. y=3";

30. y=e*.



JAVOBLAR VA KO’RSATMALAR

1.6. Paragrafdagi misollarning javoblari,

1 -Topshiriq,
14 147
L. a aA?24ppc= (17 —65
125

1
15 105 2019
b. BXD=(4 ~43 -75

14 34 47

N

a. aA®+ BBC = (

-8 21 29 16
b. BxD=|{ g =25 —40-17
-4 15 24 11

~51 =25

w

a. aA?+BBC = =11 11

—41 -53

95

3

_u)

-1 10 1210 -
b. BxD=|1 5 —611 16

—9 33 3930 33

31 =30
4. a aA?+ BBC = 25 —24

14
18 -18 20 —3

b. B><D=(21 80 -1812
-4 8 -121

=79 41
5. a aA?+48BC = ( 27 -5

-39 56
b. @

22

14
35

1

=13
5
—65

118

%
H

)

o

10,

b.

11

46 -11 65
a. aA’+BBC={-43 70 17
g ( 10 23 34

-2 -1 2539 23
BxD=|10 -10 4060 50
6 -3 -9-15 -3

-13 51 -
a. aA2+BBC=(111 20 76
10 -38 1
12 6 -60 0
BxD=(—2 ~11 -54 44
0 -5 =32 0
28 —30 0)

a. aA®+BBC={-8 42 -36
g (o -10 -28

24 18 -322 -5
BxD:(—l 13 75 =2

-4 12 8¢ 4

—-46 27 -10)

a. aA’+BBC=| —4 -29 -7
d (—3 -50 12

-5 —-10 258 22
BxD=(24 16 -29 47

-1 11 15-8 10

-25 -70 -14

—4
. aA®*+BBC={-27 18
a. a B 18 -9

19

15 12 54-9 10
BxD=(19 13 31-7 11
i5 10 20-5 4

)

49 -90 - )
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17 -19 1326 28
b BxD=(1 19 19-2 —-42)
1310 26-12 -29

26 -26 12
12.  a aAz-i-BBC: -2 8 _32)

56 -22 70
=23 25 41-4 16
b. B XD = ( 1 8 110 3)

28 34 9614 24

=19 17 -g7
13.  a a.'A2+BBC=(31 -1 _2)
-77 -15 5
0 -6 —-44-1 32
b. B><D=(13 4 517 —16)
8 -10 -60-1 19

-21 -30 -79
4. a aA?+8BC={_go ~i4 44 )
—-18 -90 —¢4

(8 ~2 ~5-5
b BxD=[16 16 —2424 3)
0 40 -2868 352

-82 -33 o
15. a aA2+ﬁBC=(_5 -17 25)
32 —-48 -6
-9 2-23 -11
b. BxD=(o -1 -319 —11)
15 -1 2256 27

=17 24 -37
16. a aA2+BBCc= (_3 0 ._17)
=23 11 66
6 22 3 17 4
b. BXD=(—1 15 o0 -1 —2)
—26 2 -11-3 -11

120

-13 7 =26
7. a aA?+pBC= (—38 14 8
11 -11 -5

15 5 —415 15
b. B><D=(o —-15 21-9 -9
4 -3 53 5

17 50 —562
8. a g4+ BC==(140 111 -
d -36 30 57
-7 13 -22-2 -6
b. BxD:(S -19 23-1 14
6 —10 18 2 4

3 -22 -5
19, a qaz4 ﬂBC=(-44 -39 -61
-24 5 12
11 17 318 9
b. BXD=(1O 80 3568 71
16 22 324 36

52 22 —4
0. 5 aA2+BBC=(—44 —-34 =30
38 -6 52

6 0 8-1 3
% Bxp= (26 -6 26—15 13
5 8 3722 9

7 75 —

2l aA2+BBc=(33‘14 42
240 29 23

24 0 90 -9

b, on=(13 ~12 6 24 18
38 18 12-36 -—48

-2 18 -10
2. 4 g4+ BBC=(—-9 -1 3
-8 32 9

12t



b. BXD=(0 24 -6612 3

16 11 -9 6 3)
6 -7 31-4 3

23. a aA2+;;Bc=(-51 -17 23

58 -33 -70
11 -4 2326 18
b. BxD=(-18 10 =129 —1)

34 -13 5911 5

22 -14 —18)

-11 19 -5
2. a aM®4+BBC={ 10 -26 2)

4 83 =23
=17 10 -5
25. a aA*+BBC=|-23 6 21

38 -39 23
-18 27 -360 5
b. BxD={ 18 -76 148 14 39)
13 =72 14615 44

-7 7 -12
26. a aA’+BBC={_-23 1 —14)
-4 1 10

9 25 -183 13

b. BxD=(21 41 -306 24)

26 26 -210 14

' 5 -2 52
27. a. aA?®+BBC = ( 54 29 40)
=10 20 3
21 0 2 8 22
b. BxD=|16 14 —-1716 9

16 -4 7 4 21

=25 -20 2
28. a. aA’+BBC= (-—27 -17 —4)
=20 40 -1

122

b. BxD =

0 -1118 16)

(17 4 -1324 23

16 11 3 3 -

54 -23 "62)

29. a. aA? +BBC = ( 7 5 16

b. BxD=(
-8

—28 -38 36
-15 63 45 -—19
1 -15-12 1
-2 66 54 4

-15 -16 11)

30. a aA2+ﬁBC=( 3 B 4

b. BxD=(

2- topshiriq.

\__/
o
R

l AR
(X))

|

K%

S——
o
i |
S1= 518
| |
o] L3 |
[e]

-25 26 -—21

14 8 19-5 11
-6 4 18-2 1
21 6 1712 -25

- -1
x=A“1B, x=BA_1: x:‘-’A 'BC

2 16

2 7% 70
7 C. 6 _2
~ 70 70,

3 9
30 30
3 c. 19 27
1 30 30,

\-——’/
o
. [~
TN
O wlY  m—
Niw Nl 3
!N\ll“
~3
\—/
o
|
Al
S
wjnBle
\-—//



16 11 —9 ¢ 3
b Bxp= 0 24 —6612 3
6 -7 314 3

22 -14 _13
23 a a?+pgpc=(_g -17 23
58 -33 _7p

11 -4 2324 18
b. BxD= —18 10 -129 -1

34 -13 5911 5

-11 19 _g
24 a af’+ppc=| 4 -26 2
4 83 _323
-17 10 -5
25 a aA?+gpc=(_ps 6 21
38 -39 33

=18 27 _360 5
b BxD= 18 -76 14814 39

13 -72 14615 44

=7 7 -12
26. a qgg2 +BBC ={ _23 1 -14
-4 1 10

9 25 -183 13

b. Bxp= 21 41 -—30¢ 24

26 26 -210 14

5 -2 52
27.  a @A® + BBC = 54 29 49
=10 20 3

=25 -20 2
28. a. aA? + BBC = =27 -17 -4
=20 40 -1

9 0 -1118 16
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. VxT04axZ41
lim T
X0 xS+7x+5x2
lim Va7 125 +5x+2x3
x—c  VxZ7+6x20+7

. Vxbraxd+3x?
lim e
X0 Vx21+5x2+x
\im 133301 5x10+10x
x~00 V204 7x6+9+x2
tim VaiZiax+7+4x2

X—o YxZO45x7+9x*
3xe015x 0 4x

x—s00 YxB1{5x7 +3x2
lim 15T xT0 4716
x~00 Yx#W4x20+10x

B 724 x1545x—
10. lim Vx72+x1545x—15

11,

x—se  YxT645+3x°
lim 7VX14+5X‘°+9

————
x-00 fx124x5+3+88

12,
13,
14.

I ‘ 15.

16

17,

126

i VTS 7
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“iflaternatika” fanidan glossarly

—————

Anigq sistema

———

Certain
system

Onpepesie-
gas cucreMa

Aniqmas
integral

Indefinite
integral

Heompene-
JIeHHBIA
yrerpal

Anigmas
sistema

Uncertain

system

Heori-
penene}maﬂ
cucremMa

Arifmetik
vektor fazo

| Adoyib i 1- ajoyib limit: limSPX o,
canonical | TeNbHBIE =0 x
form of npegensl | 2- ajoyib limit:
the lim(1 +x)* =e.
quadratic x=0
form
Algebraik The AsnreGpa- | a, minorning (elementning)
to’ldiruvchi | algebraic | mueckoe | algebraik to’ldiruvchisi
addition | nonomeHue A, =DM
Y
formula bilan aniglanadi.
Aniq integral | Definite | Onpepenes- | _ _ < = intecral
integral HBIA 7 ‘gf("“)”‘ ttegra
uHTerpan |yig'indining eng  Kafta
gismiy kesma  uzunligi
nolga intilgandagi limitiga
J(x) funksiyaning [a:8]
kesmadagi  aniq integrali
]
deb aytiladi va I f(x)dx kabi
belgilanadi. Bu yerda,a va
b sonlar integralning quyi va
_ yuqori chegaralari deyiladi.
Aniq mtegra.ld.a Integration | Hurerpu- | f(x) funksiya [a;b] kesmada |
o‘zgaruvchini | byparts | poBAHHE IIC |, hiksiz va
almashtirish va and YacTaM H b
_bo‘laklab replaceme | 3aMeHa | f@xydx
mtegrallash | mtofthe | mepeMen- |ipicpral berilgan bo'lsin
a definite | omponenca. | *- P\) almashtirish bilan
integral. HOM lf‘oda » mtegra‘llash
wrverpane. | © zgaruvchisi t  bo‘lgan
132

-

Arithmetic

vector
space

Apnd)Me—
TAYIECKOE
BEKTOPHO®

— keladi.
angi aniq integralga ke'a
Bunda o{f), 90 fonksiye
lar [a’;ﬂ] kesmada,

(@)= #6)=b:
uzluksiz bo'lishi kerak.

Bu shartlar bajarilganda,

'j f(x)dx=ff (p()o'(r)et

, <rinli bo‘ladi.
formula 0 rmh’ :
Birgalikda bo’lgan sx'ste,:lr;
yagona yechimgiala ;iga bo
anigsistema deytiadl:
(ab) intervalda berilgan {(x)
ﬁx'nkSiya boshlang 1gh
funksiyalarning “mu::di
ldeaSi F(x)+C’ bu Y
C=const, shu f&
funksiyaning aniqmas
integrali _
e - belgisi
. gisi,
Bunda [ - integral belgist
f® integral ostidagl
funksiya, fx)dx

ostidagi ! ods, ¥




yangi aniq integralga keladi.
Bunda ¢(t), ¢'() funksiya
lar [ 8] kesmada,

o(a)=a, o(B)=b,
uzluksiz bo’lishi kerak.

Bu shartlar bajariiganda,

j fxydx= I Flo(e))e'(r)ar

formula o‘rmh bo‘ladi.

Aniq sistema

Certain
system

Onpegenen-
Has1 CHCTEMa

Birgalikda bo’lgan sistema
yagona yechimga ega bo’lsa
anigsistema deyiladi.

Anigmas
integral

Indefinite
integral

Heonpene-
JIEHHBIK

MHTerpan

(a,b) intervalda berilgan f{x)
funksiya boshlang‘ich
funksiyalarning umumiy
ifodasi F(x)+C, bu yerda
C=const, shu &
funksiyaning aniqgmas
integrali deb ataladi va u
[fix)ax kabi belgilanadi.

Bunda | - integral belgisi,
=) integral ostidagi
funksiya, f(x)dx - integral
ostidagi ifoda, x -
integrallash  o‘zgaruvchisi
deb ataladi.

Aniqgmas
sistema

Uncertain
system

Heon-
peaerneHHas
cucTeMa

Birgalikda bo’lgan sistema
cheksiz ko’p yechimga ega
bo’isa aniqmassistema
deyiladi.

Ajoylb hmltlar< " He 1- aiovib limit: hmsm'x - 7
’ canonical | TeBHEIE joyi x
form of npegenst | 2- ajoyib limit:
the ) lim(1 +x)§ =e.
quadratic =0
form
Algebraik The Asire6pa- | g, minorning (elementning)
to’ldiruvchi | algebraic | wmueckoe | algebraik to’ldiruvchisi
addition | gomosmHeHUE 4,=()"M
formula bilan aniglanadi.
Aniq integral | Definite | Onpenenes- | __ <~ ~ =1, inteeral
integral HBIH ¢ éf(x,)Ax, &
uHrerpan |yig'indining eng  katta
qismiy kesma  uzunligi
nolga intilgandagi limitiga
J(®) funksiyaning ~ [2;8]
kesmadagi  aniq integrali
]
deb aytiladi va [ f(x)dx kabi
belgilanadi. Bu yerda,a va
b sonlar integralning quyi va
yuqori chegaralari deyiladi.
Aniq integralda | Integration | Wurerpu- | f(x) funksiya [a;b] kesmada |
o‘zgaruvchini | byparts | poBamue N0 | luksiz va
almashtirish va and YacTaM K s
bo‘laklab replaceme 3amMeHa [ renax
integrallash | ntofthe | nepemen- |jicor| be:-ilgan botlsin.
vatiablein | HOHB | o o) oiioshtirish  bilan
a definite | onpenenex- | . .
inte ifoda integrallash
gral. HOM < hisi ¢ bofl
yirrerpane. | ©'Zgaruvehisi gan
132

-

Arifmetik
vektor fazo

Arithmetic
vector
space

Apudme-
THYECKOE
BEKTOpHOE
npo-
CTpaHCTBO

n o’lchovli  vektorlar
to’plamiga chizigli
(vektorlami qo’shish va
vektorlarni songa
ko’paytirish) amallar bilan
birgalikdla 7  o’lchovii
arifmetik  vektor  fazo

deyiladi.

—
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Aylana

Definitely
negative
quadratic
form

Fiksirlangan
nuqtadan
masofada
nuqtalarning geometrik
o'rniga aylana deyiladi.
JE-a +(y-b)® =R

M {a,b)
bir xil R-
yotgan

Bir tomonlama
chekli limitlar

Unilateral
finite
limits

OnHocro-
pOHHUE
KOHeYHbIe
NpenResl

Agar ixtiyorly &>0 son
uchun 36>0 sonni
ko'rsatish mumkin bo'Isaki
va
Xy =8 <x<xy (% <x<x,+5)
shartni qanoatlantiruvchi
barcha x lar uchun
|F(x)-b|<e tengsizlik
bajarilsa,

b=f(x-0) (b= (x+0))
son  f(x) funksiyaning
X —> x, da chapdan (0'ngdan
) limiti deyiladi.

Bir tomonlama
va cheksiz
hosila

Unilateral
and
endless
derivatives

OnHocro-
POHHHE K
GeckoHeY-
HbIE MTPOM3-
BOOHBIE

Agar f(x) funksiya x,
nuqtada uzluksiz bo’lib,
]im f(x0+Asz_f(x0) >

Ax=0

bo’lsa, u holda f(x)
funksiyaning X, nuqtadagi
hosilasi chegaralanmagan
deyiladi.

lim f(x0+Ax)—f(x0) ,
Ax—0-0 ‘. Ax
lim L0+ 4%)— f(xp)
ax—040 Ax
limitlarga,

f&)

mos ravishda,
funksiyaning  x,
nuqtada chap va o’ng
hosilalari  deyiladi. Bu

hosilalarni mos ravishda

134

f'(x) fi(x) ko’rinishda
belgilash mumkin.
Birgalikda Co CosmecTHasd C.hiziqu- k t':l:gl bitta
bo‘lgan sistema | (permissib (paspenmmas) SISt;ti.:s; ega ;lc:l’llsa,uholda
C| N
le) system | cucrema z‘em dayg sistema  birgalikda
- deyiladh himga ege
Birgalikda Incompati Hecos- Bit,ta ham yee gchiziqli
bo'lmagan | bility | meoman |bo'lmagen sistemasi
sistema | (insoluble) | (epaspeuns- | tenglamalar S5
system was) | birgalikda
L crcrema__| sistema deyiladi. el
Birlik matritsa The Emmanad | 4=(4,) lovadrat ma—o va
identity matpia | ;. ; bo'lganda 4= -1
matrix ;= bolganda esa &~
bo’lsa,u h°ldab“n.dzg
matritsaﬁa . birli
matritsa _CL__!._—-——-—uSl—‘l-;
Bo'laklab The | @opuysa | Botlalsb integralleft (50
tegrallash formula | uHTErpHpPoO- lld? inin
formulasi for pam o | KO payUns; formulasidan
integration |  uacTAM ﬁ:"’“ifiiadi. Ma’ lumki,
by parts a;ar ux) va v funksiyalar
differensiallanuvehi 1da
funksiyalar bo‘lsa, U 10
dtuv, =udv+Vdu e y%u
udv=d(uv)-vdu bo'ladi. Y
tenglikni  ikkala tomonizt
integrallasako .
[ udv=] d(uv)-l vdu, yold
fudv=uv - lvds
formula hosil bo‘:,?lakl}::
formula i
iztcgrallash formulast
de -ladi- ﬁ lksiya
Wang‘ich The TlepBoo- | AgAr (a’b)xda J;(i‘ﬁksi anin
\%ya; primitive | Gpassan | biror
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hosilasiga teng, ya’ni (a,b)
intervaldan olingan ixtiyoriy
x uchun F°(x)= fix) bo‘lsa, u
holda F(x) funksiya (a,b)
intervalda f{x) funksiyaning

boshiang‘ich funksiyasi
deyiladi.
Burchak The Yrnoeo#t | k=1gp to’g’ri chiziqning
koeffitsiyenti | quadratic | Kko3ddu- | burchak koeffitsienti
form LMEHT
Burilish nuqtasi | Inflection Touka |xo nuqta atrofida berilgan
point neperuba |y=f(x) funksiya uchun, Xo
nuqta burilish nugqtasi
deyiladi, agarda x¢ nugta
y=f(x) funksiyaning botiglik
va qavariglik intervallarini
ajratib turuvchi chegaraviy
nuqgta bo‘lsa.
Chegaralangan | Limited Orpauu- |Agar R" fazoda nugtalar
ketma — ketlik | sequence yeHHad |ketma ~— ketligi chekli
nocnenosa- |limitga ega bo'lsa u
TeNBHOCTh | chegaralangan bo'ladi.
Chiziqli bog’liq | Linearly | Jlumeiino Agar Aosdys By
va chiziqli erkli | dependent | 3aBrcimMzie koeffitsentlardan aqqali
vektorlar and M JMHERHO | bittasi noldan farqli
linearly He3aBU- | bo’lganda
independe | cUMBIC | x 5 v .42 x -0 (1)
Atvectors | BEKTOP3  tenglik o’rinli bo’lsa, u holda
X.X,..X, vektorlar chizigli
bog’liq deyiladi.
Bunda, © - nol vektor.
Aks holda x,x,,..x, vektorlar
chiziqgli erkli deyiladi.
Chiziqli fazo | The linear | Jlumedinoe Agar elementlari ixtiyoriy
space Tpo- tabiatli bo’lgan L to'plam
crpaHcTeo | berilgan va bu toplam
elementlari orasida qo’shish
va __songa _ ko’paytirish
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amallari_kiritilgan bo’lsa u
holda L toplam chizigl

(yoki vertor) fazo deyiladi.
| Chiziqhi The | Cuorema | Quyidagi x =8,
tenglar:alar system of | JuHEHHBX | | &t @tz +: o ‘; =:‘v
sisternasi linear | ypaBHeHHH | |ayk+@n® ¥ a, "
Cquauons Lanlxl +a,,% ot ¥y =b:Il
sistemaga anoma’lumli m ta
chizigli al.gebraﬁ
tenglamalar sistemasi (/0 i
soddalik  uchun ‘chmq.l
tengla.malaf SlstemaSl)
deyiladi. ’
— funksiya
| Chegarafangan | Limited | Orpameven | Agar  y=/(x) 1% 20
funksiya function HbIE v,eD(f) \dan, va
Gy | oplamida ham quyidan, v2
ham b?lg:,ﬂ u
chegaralangan )
holda y=(x) fusksiya 7
to'planda  chegaralangan
funksiya deb ataladt._—_
Chic . Idindan tayinlanadigan 127
Cheksiz kichik Infinitely | BeckoHE4HO o >0 son uchun
Va cheksiz | smalland | mamien |ganday ‘lfetma—-ketlilming
katta ketma — infinitely | GeckoHETHO {a,}sonli . N (6 g
ketlik large gompume | shunday bir b raqannnj
fiocnenosa- | bog‘liq ) tarti . bo‘lsaki,
TEBHOCTH | ko'rsatish mumkin

e
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barchak >N tartib raqax:];
hadlari uchun |a.k|'
tengsizlik qanoaﬂé:ent?ﬂl(s;
{a,} sonli ketma ~ ket
cheksiz lm]::: sonli
ﬁ::;lilzi?gllga teng har qanday

li etma
;(:t’likkacheksm kichik sonli

ketma — ketlik deyiladi.



ganday A4>0
{n} sonli

A ga bogiliq ) tartib
ragamini tanlash mumkin
bo‘lsaki, barchakt >N tartib
ragamli  hadlari  uchun
[7|>4 tengsizlik o‘rinli
bo‘lsa, {y,} sonli ketma —
ketlik cheksiz katta sonli

Oldindan tayinlanadigan har
son uchun
ketma —
ketlikning shunday bir N (

—

conditions

yCIoBUst
SKCTpeMyMa

Ekstremumning
Zaruriy sharti

e ———

Necessary
optimality
conditions

Ekvivalent
sistemalar

Equivalent
(tantamou
nt to)
system

Ellips

Positive
matrix

Heobx0-
MBI
yCJIOBWl
sKCTpeMyMa

DKBH-
BaJICHTHBIE
(pasHOCWTD

HBIE)
CHCTEMBIL

6)11)1%1 L

Fazoda to’g’ri

ketma — ketlik deyiladi. |
Determinant The OneMeHTsl | a, — determinantning i—satr
elementlari elements ompeze- | j_yctunda ioviashgan
of the JIHTeNA . ] y 8
determi elementini ifodalaydi.
nt
Diagc.mal Diagopal HAuaronams- | A=(a;) kvadrat matritsada
matritsa matrix | Had MaTpuLa | ; ., ;bo’lganda, a, =0bo’lsa,
u holda 4 matritsaga
i diagonal matritsa deyiladi.
Differensiallash | Differentia | Juddepen- |Berilgan f{(*) funksiyaning
tion IMPOBAHME | hosilasini topish amali ko’p
hollarda f(x) funksiyani
differensiallash deb
: yuritiladi.
Davriy funksiya Periodic | Ilepuomu- |Agar y=f(x) funksiya
function HeCKaT | ychun shunday bir musbat ¢
GyHKmMas  |son  mavjud  bo‘lsaki,
funksiyaning aniqlanish
sohasiga tegishli har qanday
X vax+t nuqgtalar uchun
f(x+8)=f(x) tenglik
bajarilsa, y=f(x) funksiya
davriy funksiya deyiladi.
Ekstren}umni{xg Suifﬁcient Hocrato- | Teorema (etarli shart). f(x)
yetarlisharti | optimality |  wmbie | funksiya x, kritik nugtaning
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chizigning
(____kanonik

Caponical
equations

KaHoH#-
yecKHe

ofa
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biror S atrofida
differensiallanuvchi, X
ugtanin ’zi esa
It:zluksizg o bo’lib,
diﬁ'erenSiallanuvchi bo’lishi
shart bo’lmasin.  Agar
(-0:%) V2 (303 %0 +9)
intervallarda f‘(x)hOSlla.
qarama—qar_shi ishorali
qiymatlarga er'fshsa, X, nugta
f(x)funkSiyamug- L

w%

Teorema. . . e
ekstremumining zaruriylik
charti). Agar % a2 J¢)

. . ckstfemum
funksiyan8, . funksiya

v g2 X4 2-=1
deyiladi. 77 57 .
x—"o-,-l:-h=§"“9'
R

oge s tenglama
LEWW



T et

qanday A>0 son uchun
{r.}  sonli
ketlikning shunday bir N (
A ga bogiliq ) tartib
ragamini tanlash mumkin
bo‘lsaki, barchak>N tartib
ragamli  hadlari  uchun
[nl>4 tengsidik ofrinli
bo‘lsa, {7} sonli ketma —
ketlik cheksiz katta sonli
ketma — ketlik deyiladi.

Determinant
elementlari

The
elements
of the
determina
nt

OJIeMeHTH1

onpere-
JIMTEJIA

a, - determinantning i—satr
J —ustunda joylashgan
elementini ifodalaydi.

Diagonal
matritsa

Diagonal
matrix

JuaroHans-
Has MaTpulia

A=(a,) kvadrat matritsada
i= jbo’lganda, a, =0bo’lsa,
u holda 4 matritsaga
diagonal matritsa deyiladi.

Differensiallash

Differentia
tion

Audpdepen-
IMIpOBaHNe

Berilgan f(x) funksiyaning
hosilasini topish amali ko’p
hollarda f(x) funksiyani
differensiallash deb
yuritiladi.

Davriy funksiya

Periodic
function

Ilepuomm-
yeckas

Agar y=f(x) funksiya
uchun shunday bir musbat !
son mavjud  bo‘lsaki,
funksiyaning aniqlanish
sohasiga teégishli har qanday
X vax+t nuqtalar uchun
S(x+1)=f(x) tenglik
bajarilsa, y=f(x) funksiya
davriy funksiya deyiladi.

Ekstremumning
yetarli sharti

Sufficient

optimality

Hocraro-
YHbIe

Teorema (etarli shart). f(x)

Oldindan tayinlanadigan har

ketma -

conditions

yCIoBUA
JKCTpeMyMa

biror ) atrofida
differensiallanuvchi, X,
nugtaning  o’zida  esa
uzluksiz bo’lib,
differensiallanuvchi bo’lishi
shart  bo’lmasin. Agar
(n-8ix) va (%;%+d)
intervallarda  f*(x)hosila
garama-qarshi ishorali
giymatlarga erishsa, X, nuqta
J(x) funksiyaning
ekstremum nugtasi bo’ladi.

Ekstremumning
zaruriy sharti

Necessary
optimality
conditions

Heobxo-

JUMBle
yCIIoBUA

3KCTpeMyMa

Teorema. (funksiya
ekstremumining  zaruriylik
sharti). Agar x, nuqgta s(x)
funksiyaning  ekstremum
nugtasi bo’lib, funksiya
uning biror bir atrofida
aniqlangan bo’lsa, u holda
fe)=0 yoki fix) -
mavjud emas.

Ekvivalent
sisternalar

Equivalent
(tantamou
nt to)
system

OKBU-
BaJICHTHbIE
(paBHOCWITB

HBIE)
CHCTEMBI

Agar ikkita sistemaning
yechimlari bir xil sonlar
to’plamidan iborat bo’lsa,
bunday sistemalar teng
kuchliyoki ekvivalent
deyiladi.

Ellips

Positive
matrix

Omnc

Fiksirlangan F va K
nuqtalargacha bo’lgan
masofalar yig’indisi
o’zgarmas 2a kattalikka
teng bo’lgan nugqtalaming
geometrik o’miga ellips

1

2
o XY
deylladl. ;3' + F =1

Fazoda to’g’ri
chizigning
kanonik

Canonical
equations

Kanonn-
yecKue

ofa

YpaBHeHHs

X=X _Y-Yo _Z-Z%
m n p

ko‘rinishidagi tenglama

funksiya x, krtik nuqtaning |

—‘ : ,
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tenglamasi straight npamoii B | fazoda to’g’ri chizigning
linein | mpoctpascr | kanonik tenglamasi deyiladi.
space BE
Ferma ) Fermat's | Teopema |Teorema. (Ferma). Agar X
teoremasi last Depra nugtada  s(x) funksiya
theorem differensiallanuvchi va lokal
ekstremumga  erishsa, u
holda shu nuqtada
f(x)=0
bo’ladi.
Fueksiya Normal to | Hopmans k 1
grefigigs | the graph | rpaguy |7/ ("o)=‘( ms)(*‘xo)
0 g:::ﬁan f::fcttlil:n Gyrxam (normal tenglamasi). -
.Funksi)fa. Differefxtia HMubde- | Agar ,- rxy %, puqtaning
differensiali | I function | penuman & atrofida  aniglangan
Gymram bo'lib, uning Ay
orttirmasini

Ay = AAx + Axe(Ax)
ko'rinishda tasvirlash
mumkin bo'lsa, u holda
y=r(x) funksiya X, nuqtada
differensiallanuvchi .4Ax esa
uning  differensiali  deb
ataladi. Bu yerda A4(x)) Ax
ga bog'liq emas,
ggo &g(dx) > 0.

Funksiya differensiali
quyidagicha yoziladi:
dy=df = Adx, A2 ['(x).

mii o 1o | 2T | fTx)  giymat M5, ()
3 theggraph rp?;l;cy n}xqtad'a /() fu.nksiyz.iga
of the ® o tkazlllgan urinmaning
function YHI 189 = f'(x,) ~burchak
koeffitsientini bildiradi.
M (xo;f (xo)) nuqtada
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f () funksiyaga o'tkazilgan
urinma tenglamasi qqyxdagt
ko rinishga ega bo’ladi:

y-f .(xo) =f '(xu)(x - X.).

Funksiya
hostlasi

~—

Derivative
function

TIpon3Boz-
Had

Gy

F\mksiya
qavarigligi

—~—

Function
bulge

BuIyKIocTk
byHKIHH

FUnkslyamu g
Nuqtadagi limiti

The limit
function at

IMpenen
yHruHE B
" TOUKe

14!

funksiya X=%
= f(x) ¢
:uqtaning biror bir atrofida

aniglangan va
im fx+a0- [
x>0

Ax
mavjud bo'lsin. U ho.lda l;':
limit f(x) mny@gd "
nuqtadagi hosilast ';a
ataladi Ve quyldag'g :
belgilanadi: /'(%), fix),

T g L1
xo - Az=0

Ny
e el
(s
M
Agar har b.lr B,
to‘plamga hteg Shl;uqtasidan
lanis :
(fl:r):;lx? har t:l:day
M, My, oo M,, .nuq

Ketma — ketligi M, nuqtagd

bo‘lishi uchun,
posilasi (a;b)




£ (x) funksiyaga o'tkazilgan
urinma tenglamasi quyidagi
ko'rinishga ega bo'ladi:

1= 1= Pl

Funksiya
hosilasi

Derivative
function

IIponsson-
Had

y=s fumksiya x=X
nuqtaning biror bir atrofida
aniglangan va

fim L& +8%) = f(3)
el Ax

mavjud bo'lsin. U holda bu
limit f(x) funksiyaning x,
nuqtadagi  hosilasi  deb
ataladi va  quyidagicha
belgilanadi: f'(x,),  fi(x,),
y’(xo),

u-.o

Funksiya
qavariqligi

Function
bulge

Bemyxnocts
dyHKupm

(a;b) intervalda  hosilaga
ega bo‘lgan y=Rx) funksiya,
bu oraliqgda qavariq (botiq)
bo‘lishi uchun, uning f '(x)
hosilasi (a;b) intervalda
kamayuvchi (o‘suvchi)
bo‘lishi zarur va yetarlidir.

tenglamasi straight mpamoii B | fazoda to’g’ri chiziqning
linein | mpoctpascr | kanonik tenglamasi deyiladi.
space BE
Ferma Fermat's Teopema | Teorema. (Ferma). Agar X,
teoremasi last DepMa  |npugtada  s(x) funksiya
theorem differensiallanuvchi va lokal
ckstremumga  erishsa, u
holda shu nuqgtada
f(x)=0
bo’ladi.
Fueksiya Normal to | Hopmais k
grefigigs | the grph | rpamey |7/ (%)= [f(xo)J( )
O‘mlaglan f::ctt}il:n yHxumm (normal tenglamasi).
Funksiya Differentia| udde- |[Agar - r(x) ¥, puqtaning
differensiali | lfunction | peHuMan | s  airofida aniglangan
dymanm | po'1ib, uning Ay
orttirmasini
4y = AAx + Ax £(Ax)
ko'rinishda tasvirlash
mumkin bo’'lsa, u holda
y=f(x) funksiya X, nuqtada
differensiallanuvchi 4Ax esa
uning  differensiali  deb
ataladi. Bu yerda A(x,) Ax
ga bog'liq emas,
lim e(dx) —»0.
Ac—0
Funksiya differensiali
quyidagicha yoziladi:
dy=df = Adr, 42 f'(x).
Funksiya The Kacareme- | f'(x,) qiymat M(x,; f(x,))
graﬁgiga tangent to Hai K nugtada f(x) funksiyaga
urinma thgfg;f: h gpa(bmcy o'tkazilgan urinmaning
fonction | | 18p=f(x)) ~burchak
koeffitsientini bildiradi.
M (xu;f (xo » nuqtada
140
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Funksiyaning
nuqtadagi limiti

The limit
function at

Ilpenen
Gyrsanm
" TO'IKE

Agar har bir hadi Vv
to‘plamga tegishli va M,
quyuqlanish nuqtasidan
farqli har qanday
M‘, Mz, ey Mk, -..nugqtalar
ketma — ketligi M, nuqtaga
intilganda, bu nuqtalarga
mos funksiya qiymatlarining
f(Ml)’ f(Mz)’ ] f(Mk)’
sonli ketma — ketligi ) songa
intilsa, uholda b soni f(M)
funksiyaning M — M, dagi

4_-—
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_ Timiti deyiladi. ]
F“nlfsiya,mng The O6nacte |Agar XcR', YCR' bo’isa,
an;ghzz;{sh domainof | ompexmene- |, pholda f  qonuniyat
1 the Hus QyHK- .
function o funksya deb ataladi. o
Bu yerda X aniqlanish
sohasi (D(/))-

Funksiyaning | Maximum | Hau6oms- { Funksiyaning kesmada eng

eng katta.va and [ee u katta va eng kichik
eng kchlk. minimum | HavMeHbinee | giymatlarini topish uchun:
giymatlari values of | 3mauemms |a) funksiyaning kesmaga

the ymapm | tegishli  kritik nugqtalari
function aniglaniladi;
b) funksiyaning topilgan
krittk  nugtalaridagi =~ va
kesmaning chetki
nugqtalaridagi qiymatlari
hisoblanadi;
c) ushbu giymatlar o’zaro
solishtirilib uning eng Kkatta,
— eng kichigi tanlanadi.

Funk§1yamng Increase | Bospacra- |V oraligda
0‘s1shi. va and HHE H differensiallanuvchi 1)
kamayishi decrease | yGemamme |funksiya shu  oraliqda

of function| ¢ymanm |o’suvchi (kamayuvchi)
bo’lishi uchun, oraligning
har bir ichki nuqtasida r(x)=0
(r()so) bo’lishi zarur va
— yetarli.

Fuksiyaning | The set | Mriowectso | Agar X <R, Y< & Ro'lsa,
iymatlar o
cig?:lami va 1&;‘.: of S;Xmlﬂ;i: gmk holda [ f;onuniyat

function tsya c?eb ataladi. .
Yesa qiymatlar to’plami
deyiladi (E(/)-

Giperbola Anon- | Twmepbona |Fiksirlangan F va F
negative nuqtalargacha bo’lgan
matrix masofalar ayirmasining

absolyut giymati o’zgarmas
2a kattalikka teng bo’lgan
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nuqtalarning geometrik
o’miga giperbola deyiladi.
2 2
& E"
Gradiyent Gradient | Ipamuedt | y=/s() funksiyaning
Vy a grad y(M) gradiyenti
deb Vs Yy or o)
koordinatali vektorga
S aytiladi. _
Ichki nugta | Inner point | BryTpeHHad = >0son mavjud bo’lsin.
TOYKA Agar  M,(x), %3, x)eV
puqtaning ¢ atrofi S(M,) v
to'plamga tegishli bo'lsa, u
holda M, nuqta V
to'plamning  ichki nugqtasi
deyiladi.
Ikki nugtadan The VpaBHeHHe x=% _ V=N
O’tuychito’g’ri | equation | MpAMOH =% Y2~ N .
chiziq ofa npoxon- | ikkita nuqtadan o’tgvcm
tenglamasi straight | mne# aepe3 to’g’ri chiziq tenglamasi.
line [BE TOUKH
passing
through
— two points
Ikki nugtadan The Vpasnerme | -5 _ Y-H =.Z_:—zz'—
O’tuvchi to’g’si | equation npamolt | 27N o 27H
chizi ofa npoxoa- oy
tenglan'clia\si straight saeh qzij ;?féﬁﬁ%;ﬁ&i?g’z
p;slthg oo chiziq tenglamast deyiladi.
through
two points //
Kkiwgni | Theangle | Yrot MEKIY | (g ‘l‘i i
chizig between | npaMBIMH g hiziq orasidagi
‘;Drifcl::aa%cl st::ieght burchakni topish formulast-
lines | ——
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limiti deyiladi.
Funksiyaning The Obnacte | Agar XcR", YR bo’isa,
Mql@sh domain of | ompezene- |, poida [ qonuniyat
sohasi funtt:ion m&ymc— funksya deb ataladi. o
Bu yerda X aniqlanish
sohasi (D(f)).

Funksiyaning | Maximum | HauGoms- | Funksiyaning kesmada eng
eng katta va and 1iee u katta va eng kichik
eng kchik minimum | HauMeHbilee | qiymatlarini topish uchun:
qiymatlari values of | 3Hauenms |a) funksiyaning kesmaga

the dymxamm | tegishli  kritkk  nuqtalari
function aniqlaniladi;
b) funksiyaning topilgan
kritk  nuqtalaridagi  va
kesmaning chetki
nuqtalaridagi giymatlari
hisoblanadi;
c) ushbu giymatlar o’zaro
solishtirilib uning eng katta,
eng kichigi tanlanadi.

Funksiyaning | Increase | Bospacra- |V oraligda
o‘sishi va and HHE U differensiallanuvchi Fi¢3)
kamayishi decrease | yOpmaume |funksiya  shu oraligda

of function| ¢ymaanm | o’suvchi (kamayuvchi)
bo’lishi uchun, oraligning
har bir ichki nuqtasida s (x)=0
(rx)<o0) bo’lishi zarur va
vetarli.

Funksiyaning The set | MHoXecTBO | Agar X< R", YcR" ho'lsa,
qixmaﬂa.r valuesof | sHawemut |, polda f qom‘miyat
wo'plami ) e | QYHMIM | fonkicya deb ataladi

chon Yesa qiymatlar to’plami
deyiladi (E(/)).

Giperbola Anon- | I'mepbona |Fiksirlangan F va F
negative nugtalargacha bo’lgan
matrix masofalar ayirmasining

absolyut giymati o’zgarmas
2a kattalikka teng bo’lgan
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nuqtalarning geometrik
o’rniga giperbola deyiladi.
XZ yZ
P
Gradiyent Gradient | Tpamuent | 5= rr) funksiyaning
Vy = grad y(M)  gradiyenti
deb 0o Vg o Vo)
koordinatali vektorga
aytiladi. .
Ichki nugta | Inner point | BeyTpeHHss { £ >0son mavjud bo'lsin.
TOUKa Agar My (x0,x3,...x0)eV
nuqtaning ¢ atrofi S(M,)v
to'plamga tegishli bo'lsa, u
holda M, nugta V¥
to'plamning ichki nuqtasi
deyiladi.
Ikki nuqgtadan The VYpasnenue X=X _Y=N
o’tuvchito’g’ri | equation npsMoit %=X Y=
chiziq ofa mpoxon- |ikkita nuqtadan o’tuvchi
tenglamasi straight | mmeii gepes | to’g’ri chiziq tenglamasi.
line IIBE TOYUKH
passing
through
two points
Ikki nuqtadan The Vpasrenme | X=% _ V=) _ 2%
o’tuvchito’g’ri | equation mpsamoi X=X N=»n z-%
chiziq ofa TIPOXOJ-
tenglamasi straight | suelidepes | tenglamaga fazoda ikkita
line JiBe TO9KH | nuqtadan o’tuvchi to’g’ri
passing chiziq tenglamasi deyiladi.
through
two points
Ikkito’g’ri | The angle | Yron Mmexny k -k
chizig between | mpaovenm | 8971 Kk,
orasidagi the ik to’g’ri chiziq orasidagi
burchak straight burchakni topishqformulasi.
lines
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Tkkinchi tartibli | The | Onpexenn- . ]
determinant | determina I 'IeJI:: 2-ro :: az ifoda  ikkinchi
ptoforder | MOPANA | tartipy; determinant deyiledi.
ll.d.(inchi tur The Touka | Agary=f(x) funksiyaningx,
uzilish nuqtasi second Pa3peBa | pyugtada  chapdan  yoki
kindof | »7T0poro |ongdan limitlarining hech
b“':ak pona bo’lmaganda bittasi mavjud
pomt bo‘lmasa yoki cheksiz bo‘lsa
u holda x, nugqta y=f(x)
funksiyaning ikkinchi tur
uzilish nugtasi deyiladi.
I;:;l;)aforiy 11(;:;1 ; The Paccrosnue | g~ fazodaM (x,,xz,..., x,) va
n orasi istance M
masofa between mm N(,}/l,yz,...,}:,)fmqtalar
any two Byma benl-gan .bo Isin. Bu nuqtalar
points 0 orasxdagl masofa real fazoda
qo‘llanilgan formulani
umumlashtirish asosida
aniqlanadi. Berilgan#
o‘lchovli A va Nnugtalar
orasidagi masofa p(M,N)
ko’rinishda belgilanib, u
p(M,N)=,/;(x.- -y)
formula asosida hisoblanadi.
Juft va tog Evenand | Yerdanu |[Agar har qanday xeV
funksiya odd HedyerHas |uchun
function | dymama | f(—x)=r(x) (f(-x)=-f(x))
tenglik o‘rinli bo‘lsa,
y=f(x) funksiya
to‘plamda juft (toq) funksiya
deyiladi.
Ke‘ltirilgan Present | Tlpueenen- | m noma’lumli # ta chizigli
sistema system | Hag cucrema | bir jinsli bo’lmagan

tenglamalar sistemasi vektor
shaklda berilgan bo’Isin:
ax +a,x +..+a,x, =b
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————

Sistemaning ozod xad.lari
ustuni nol ustun  bilan
almashtirilgan -0
alx‘+a2x2+...+amx"' . .
ko'rinishiga dastlablki bir
- slimas sistemnaning

J . i deviladi.
kelivlgansistemss deY 7

Kroneker-
kapelli
teoremasi

[ ——

Theorem
of
kronecker
- capelli

Teopema
Kposexepa
— Kanemm

Kvadrat
matritsa

A square
matrix

KsaapaTHad
MaTpHla

\
Kvadratik shakl

P ~———

The
quadratic
form

KeanpaTid-
nan opma

Kvadratik
shaklning
kanonik shakli

He
canonical
form of
the
quadratic
form

Kaxonu-
yeckuil BUA

oit opMbl

Chiﬂ‘qﬁ . ten 1ichi
sistemasi birgalikda bo hs‘;h;
uchun uning asosty
kengaytirilgan
matritsalarining ranglan “‘;;"’
bolishi zarur va Yemrl
yo'ni r(4)=r(4B) __
Oni,
Ham satrla}r sont,
ustunlar soni '(' ® teI::g)
bolgen, Yya'mil? .
o’lchamli matnitsaga n‘tsa
fartibli_ kvadrat 5T

.adi.

p ta

, : f&)
I‘sz:;:ﬁ“:‘l :;:kniigdcb har bir
hadi bu noma’lumlamite
kvadrati yoki
noma’lumning
ko’paytmasidan
bo’lgan

F=22%%

iborat

i=l

.. 9 a

A F st skl e
, ko’paytma

lumlar ‘barchak

koeffitsiyentlar nolgas tené

bo’lsa, U holda bua;i

kanonik shakl deb atalac
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Laplas
teoremasi

Laplace
theorem

Teopema
Jlannaca

——

Laplas teoremasi.
Determinantning  qiymati
uning ixtiyoriy satr (ustun)
elementlari bilan, shu
elementlarga mos algebraik
to’ldiruvchilar ko’paytmalari
yig’indisiga teng.

Lokal
ekstremum

Local
extremum

JloxansHbLi
SKCTPEMYM

Funksiyaning lokal
maksimum valokal
minimum nuqtalariga, uning
local ekstremum nugqtalari
deyiladi.

Lokal
maksimum

Local
maximum

JloxaneHeL1
MaKCHMyM

Agar barcha
xe(x, = 853, ) (x5 %, + 8)

nugqtalar uchun
S@) < f(x,) tengsizlik
o’rinli bo’lsa, u holda X,
nuqta s(x) funksiyaning
qat’iy lokal maksimum

Lokal minimum

Local
minimum

JIoxaneHeit
MHHMMYM

nuqtasi deyiladi.
Agar baralﬁ

x € (%= &% ) (x3% + )

nugtalar uchun f(x)> f(x,)
tengsizlik o’rinli bo’lsa, u
holda x, nuqta s(x)
funksiyaning qat’ity Jokal
minimum nuqtasi deyiladi. |

Manfiy
aniglangan
kvadratik shaki

Definitely
negative
quadratic

form

Onpepne-

JICHHO

oTpHLa-
TEJIbHAs

dopma

Agar nta poma’lumning
haqgiqiy koeffitsientli  f
kvadratik shakli 7 ta manfiy
kvadratdan ibordt normal
ko’rinishga keltirilsa bu
shakl manfiy aniglangan
deyiladi.

Matritsa

Matrix

Marpuiia

Matritsa deb m ta satr va n ta
ustunga ega bo’lgan
to’rtburchakli sonlar

jadvaliga aytiladi
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— amngangi | deb,
Matritsaning | The rank Panr :(,mt?tsimggiitsa osti
rangi of the MaTpHipl minorlarining  eng  Katta
matrix tartibiga  eytiladi 49
rarg(4)=r() kot
ifodalanadi. =
——— - —tartibli
Minor Minor Murop geterminantning lslfsn—l_
shartni qanoatlant}mVChl
ixtiyoriy k ta satrlari va £
stunlari kesishgan Joy
ta u ya'ni bu satriardan
biriga hamda ustunla,rdan
biriga  tegishli _bo’lgAn
elementlardan tashkil topgan
ptactibli_ matritsa 4
determinantning  k—tart
W:———x—
—— funksiya
Mb Differentia| Jndde- | Agar u:-g:zensialla;{wch;,
funksiyani tionof a PpeHLMpO- m’lqtadana:,banda y=f)
differensiallash | composite | BaHEE 10Z u =g(%)
function | cnOAHOA |fnksiya ham o hi
dyrnap da differensiallanuve
pugts )
murakkab ﬁmkSi)ta bham ;"1
nugtada diiaf""‘"nslaumuvcva
*ladi s
= (] ) ) Y
J(z)= S (w)g ()02
~—~— — | Agarnta noma lllmmng
Musbat Definitely | Onpenees- . koeffitsientli
aniglangan | a positive HO hagl(:g’ﬁk shakli 7 ta musbat
kvadratik shakl | quadratic HO-“O”H‘:: Cvadratdan  iborat nomi)a:
form TesBEE o’ rinishga keltirilsa
WTW chakl ~musbat aniqlangan
M
FYawn o ‘Ii:ar bir koordinatasi musbat
Musb itsa | Positi Tlonoxid- musbat  vektor
L sbat matntsa [+ 11 ye " vektorga
matrix ____—-—-—lz;""




marpuiia | deyilsa, har bir elementi
musbat  sonlardan iborat
matritsaga  esa  musbat
matritsa deyiladi.
Monoton ketma | Monotono | Monoton- O‘suvchi yoki kamayuvchi
— ketliklar us Has sonli ketma - ketliklar
sequence nocseno- |monoton ketma — ketliklar
BaTeNBHOCTE | deb yuritiladi.
Nol matritsa Zero Hynesai | Har bir elementi nolga teng
matrix matpuua | bo’lgan, ixtiyoriy o’lchamli
matritsaga  nol  matritsa
deyiladi.
Nugtadan Definitely | Paccrostrms Axy + By, +C
tog'ri a positive | orromm xo | 4= JE+ B
Ch::aqszi,:ha qu;dratnc TpAMOoH formulaga berilgan nuqtadan
orm berilgan to’g’ri chizigqacha
masofani topish formulasi
deyiladi.
Nugtalar ketma | Unilateral Ipenen | Agar ixtiyorly £>0 son
— ketligining finite nocieno- |uchun shunday K natural
limiti limits | BaTesHOCTH | sonni (£ ga bog‘liq ravishda)
To4ek | ko‘rsatish mumkin bo‘lsaki,
barcha k>K tartib ragamli
kadlar  uchun, €5, (¥,)
bo‘lsa, Mo(xl",x;’,...,xf)
nuqtaga {M, } nugtalar ketma
—ketligining limiti deyiladi.
Og‘ma va Inclined Haknon- | y=f(x) funksiya  grafigi
gorizontal and Hag M y=kx+b og‘ma dsimptotaga
asimptota vertical ropusoH- |ega bo‘lishi uchun chekli
asymptote |  Tamemas | limitlaming mavjud bo‘lishi
ACHMITTOTEL. | zarur va yetarli.
Ortogoral | Orthogona | Oproronans Agar  ikkita vektorning
vektorlar 1 vectors | mwie BekTopa | skalyar ko’paytmasi nolga
teng bo’lsa, u holda bunday
vektorlar ortogonal vektorlar
148

deyiladi.
3 i ktorlardan
Ortogonal Orthogona | Oproro- rt:a.rkig ICh?;glganve vektorlar
vektorlar 1 vectors HaJTbHbIC 3 pacil
BEKTOPS! ;‘;Eg:m P itema
vektorlarining  har qanday
i jufi 0°zaro ortogonal
bo’lsa, u holda sistemage
ortogonal vektorlar sistemast
deyiladi. 7 W
% : ilgan Y e
Parabola Negative ThapaGona | Bertlg va berilgan to’g’ri
matrix chizig’idan bir xil uzod
yotuvehi -nuqtalpambola
geometrik o’rniga
deyiladi.
Y =2px
| metnik|
— 1 _ r(xyfunksiya paramett
Parametrik va | Parametric | Juddepes- | ¥ “‘-{(’f) berilgan bo'Isin:
oshkormas ally ipposatve | ko rinishda o, relaBl-
= t)s 4
Runksiyalarni | defined | mapaMer- | x=e. Y=V T
differensiallash and pHiecKd | Ag '
differentia | 3aRaHHBIX ¥ | fypksiyalar chi va
tion of HeABHBIX | gifferensiallany holda j!
S | o (S o o i .
functions mavjud I?O lib quy?
aniqlanadlz
’ 'I,' t
=k = —.
t ma
: : — |A A kvadra ye s
Qiya simmetrik Skew- KococHM Aia_r_ # munosabat u?tsf;?;
matritsa symmetric meTpuIec bo'lsa, bunday m& Py
matrix | Kasg MATpHLA qiya simmetrik matritsd
ataladi.
e togishll|
—— e |Agar ¥ toplame? SR
Qavariq A convex | BpuryKX A M, va
to*pl t MHOMECTBO | ixtiyorty 1 ———
o‘plam se MHONECTED |
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nuqtalarini  tutashtiruvchi
[MM,] kesma hamV
to‘plamga tegishli bo‘lsa,
uholda ¥ nugtalarto‘plamiga
R~ fazoda
qavariqto‘plamdeyiladi.
ocl;,i Fta:)z,o;la An.open Otxperroe | Agar V' to'plamning barcha
hig to’plam | set in the MHO- nuqtalari ichki nuqtalardan
space xecrBo B | tashkil topgan bo’lsa, vc &
MPOCTPaHCT to‘p}am ochig to'plam
ry — e BE R, deyiladi.
yopia foralm. lose 3amkHyTOe | Agar ¥V to'plamning barcha
p setin the | MHOXeCTBO |quyuqlanish nuqtalari o'ziga
space B MpoCTpaH- | tegishli bo'lsa, ¥c R* to’plam
cTBe R" | yopiq to'plam deyiladi.
oc;i thz,oclia Anopen | Orkpbrroe |Agar ¥ to'plamning barcha
qto’plam | setinthe | MHOMecrBo |nuqtalari ichki nugtalardan
space B npoctpaH- | tashkil topgan bo’lsa, Vc &'
cree R", (to'plam ochiq to'plam
deyiladi.
Satr matritsa I\/:?;rjx Marpuna |(1x n) o’lchamli matritsrg;
. i CTpOKa safr matri iladi
Silvestr mezoni | Criteria Kpureprm Kvagz:lst?kdseg:ll;dr;atﬁtsasi
sylvester | cimbBectpa | bosh minorlari har birining
musbat  bo’lishi, uning
musbat aniglanishi uchun
zarur va yetarli,

Toq tartibli bosh
minorlarning har biri manfiy
bo’lib, juft tartibli bosh
minoriar har birining musbat
bo’lishi, kvadratik shaklning
manfly aniqlanishi uchun

Fw—— zarur va yetarli.
matﬁt;ralk syn;rm}l:tric Cummer- |Agardkvadrat matritsada
puieckas | 4=4" munosabat o’rinli
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matrix

marpHla

bo’lsa, U holda . bunda_y
matritsaga §1mmetnk
matritsa deb ataladi.

Skalyar
matritsa

Scalar
matrix

Cranspsas
MaTpula

Agar diagonal matritsaning
barcha 4 elementlari 0’zaro
teng bo’lsa, U holda bunc-lay
matritsaga skalyar matritsa

Sonli ketma-
kethk

P——

The limit
points of
the
sequence

YpcnoBas
focyenosa-
TeLHOCTD

1 - tartibli
determinant

The
determina
nt of order

n -—

Onpeneny-
TeNp B TO
nopAzKa

Teskari matritsa

e

Inverse
matrix

O6parHai
MaTpHL2

To’g’ri

|__ chizigning

He
canonical

VpapHEeHHC
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_‘__.-_——"d_ —_-——_—____—-_"—;”——-_—
n —tartibli determinant deb

npaMOii ©

deyiladi. :
Natural sonlar go‘plamxda'
aniglangan funksiya spnll_-
ketma-ketlik deyiladi.

y=f(n), neN. '

n! hadning quyldagl tartlbc!a
tuzilgan ?lgebrallf
yig’indisiga & iladi: hadlarl
matritsaning har  qays!
satridan V2 qayst
astunidan  bittadan ohf\gan
n ta elementdan tuzilgan
bo'lib, ~mumkis bc{’lgan
barcha ko’pa ar hlzfnat
qiladi; shu bilan. bxfga
hadning. indekslar jlli."t
o’rniga qo’yishnt tashkil
etsa, musbat ishora bllaf!, aks
holda esa 1M ishora
bilan olinadi. _

Agar 4 kvadrat matnitsa
uchun AAT = A"A=E:
tenglik bajarilsa, 4~
matritsa 4 matritsaga teskarl
matritsa deyiladi.

T
y=ke+b

.




tutashtiruvchi
[MM,] kesma ham¥
to‘plamga tegishli bo‘lsa,
uholda ¥ nugtalarto‘plamiga

R~ fazoda
qavariqto‘plamdeyiladi.

nuqtalarini

matrix

MaTpHLA

bo’lsa, u holda bunday
matritsaga simmetrik
matritsa deb ataladi.

Skalvar
matritsa

Scalar
matrix

CkansipHas
MaTpuLia

Agar diagonal matritsaning
barcha g, clementlari o’zaro
teng bo’lsa, u holda bunday
matritsaga skalyar matritsa
deyiladi.

Sonii ketma-

ketlik

The limit
points of
the
sequence

Yucnosas
1ocneaoBa-
TENILHOCTD

Natural sonlar to‘plamida
aniglangan funksiya sonli-
ketma-ketlik deyiladi.
y=f(n), neN.

1 -tartioli
determinant

The
determina
nt of order

n—

Onpenenu-
Tefb 1 -T0
ropsaKa

n—tartibli determinant deb
n! hadning quyidagi tartibda
tuzilgan algebraik
yig'indisiga aytiladi: hadlari
matritsaning  har  qaysi
satridan va har qaysi
ustunidan bittadan olingan
n ta elementdan tuzilgan
bo’lib, mumkin bo’lgan
barcha ko’paytmalar hizmat
giladi; shu bilan birga
hadning  indekslari  juft
o’miga qo’yishni tashkii
etsa, musbat ishora bilan, aks
holda esa manfiy ishora
bilan olinadi.

Teskari matritsa

Inverse
matrix

O6bpatHas
MaTpulia

Agar 4 kvadrat matritsa
uchun AA? =A"A=E
tenglik bajarilsa, Pl
matritsa 4 matritsaga teskari
matritsa deyiladi.

R" Fazoda Anopen | Ortkpbrtoe |Agar V7 to'plamning barcha
ochiq to’plam | set in the MHO- nugtalari ichki nuqtalardan
space xectBo B | tashkil topgan bo’lsa, Vcr
npoctpaklct |to'plam  ochig  to'plam
BE R”, deyiladi.
k" Fazoda A closed | 3amkHyroe | Agar V' to'plammning barcha
yopiq to’plam | setinthe | mMHOMecTBO |quyuqlanish nuqtalari o'ziga
space B npocTpaH- | tegishli bo'lsa, ¥ cR" to’plam
cTBe R” | vopiq to'plam deyiladi.
R" Fazoda Anopen | OrkpeiTroe |Agar ¥ to'plamning barcha
ochiq to’plam | setinthe | MHO)ecTBO |nugtalari ichki nugtalardan
space B mpoctpau- | tashkil topgan bo’lsa, Vcg"
cree R", (to'plam  ochig to'plam
deyiladi.
Satr matritsa Matrix Marpuna | (1x n) o’lchamli matritsaga
row CTpoKa safr mairitsa deyiladi.
Silvestr mezoni | Criteria Kpurepun Kwvadratik shakl matritsasi
sylvester | cunbBectpa | bosh minorlari har birining
musbat  bo’lishi, uning
musbat aniqlanishi uchun
zarur va yetarli.

Toq tartibli bosh
minorlarning har biri manfiy
bo’lib, juft tartibli bosh
minoriai har birining musbat
bo’lishi, kvadratik shaklning
manfiy aniqlanishi uchun
zarur va yetarli.

Simmetrik The Cummer- |AgarAkvadrat  matritsada
matritsa symmetric | puuyeckas | 4=4" munosabat o’rinli
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_

To’g’ri

chizigning

He
canonical

YpaeHeHue
TIpAMO¥i ©

y=kx+b
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burchak formof | ymioBmM |to’g’ri chizigning burchak
koeffitsientli the koappu- | koeffitsientli tenglamasi.
tenglamasi quadratic | UMeHTOM
form
To’g’ri Canonical | Karomn- |To’g’ri chizigning kanonik
chizigning equations | ueckoeypas |tenglamasi
kanonik ofa HeHue-
tenglamasi straight npsAMoii X=X _Y=Y
line in m o
space
To’g’ri The O61nee Ax+By+C=0,
chiziqni.ng general | ypaBHeHme (A +B %0 )
umumiy equation npsivoi tencl to’e’ri
tenglamasi ofa .g.ma o8
. chizigning umumiy
straight e 31 3
lin tenglamasi deyiladi.
Transponirlang The Tpancnonwp | Agar 4 matritsada barcha
anmatritsa | transposed | obammas |satrlar mos ustunlar bilan
matrix Matpuua | almashtirilsa, u holda hosil
bo’lgan 47 matritsaga 4
matritsaga transponirlangan
matritsa deyiladi.
Uchi.nc!ﬁ The Onpenenu- | a,,a,8;; +a,,a,,ay +a,;a,a;, ~
tartll:)ll determina | Tems 3-ro | -g,,0,a, - 138,853 — G,,05,05
determinant | nt of order | mopsanxa ifoda  uchinchi tartibli
determinant deyiladi.
Ustun matritsa | Column Marpnia | (m x1) o’lchamli matritsaga
matrix cronfen | esa ustun matritsa deyiladi.
V.ertikal Vertical | Bepruxanms- | Faraz qilaylik,’ s nugtadagi
asimptota asymptote Has bir tomonli limitlarning
acumrirota | kamida biri cheksizga teng
bo‘lsin. U holda y=f{x) egri
chiziqdagi M(x,y) nugta x —
a da koordinatalar boshidan
cheksiz uzoqlashadi, shu
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P——

Xos matritsa

En matrix

CobcTBeH-
Hasi MaTpHLa

Xosmas
matritsa

Improper
matrix

Xususiy hosila

Partial
derivatives

Hecobct-
peHHad
MaTpULd

YacTHbIE
Hpou3BOA-

Yevklid fazosi

Euclidean
space

| Yuqori tartibl

/
"EBKJMEOBO

nuqtadan x=a to‘gTi
chiziqgacha bo‘lgan masofa
MN=jx-a| nolga intiladi.
Demak, tarifge ko‘ra x=@
w'g'ri chizig y=®) cgn
chizigning (ﬁmks.lya
graﬁgining) . vertikal
asimptotasi bo'ladi.
atritsa determmanbtx
bo’lsa, bu
nolga teng .
matritsa X0S yokl maxsus
itsa deyiladi.
matritsa .
Kvadrat mafntsa
tuzilgan

elementlaridan '
determinant noldan farqli

bo’lsa, © holda bunda)[
matritsa X0smas y:);
maxsusmas matri

eyiladi.
ﬁasz‘) - FMR))/%
a0

j ’li limit chekli
mavijud bo 1ib bu che
bo‘l;a, u holda bu .lmutga
y=fM) funksiyaning Alll.i
nuqtadagi X, 0°Zgaruve

bo‘yicha xususiy hosilasi
deyiladi. . _

*Jchovli haqiqty
Agar n 0 e

fazoda
aniglangan
"Ichovli

chiziqli
ko’paytma
po’lsa, bu fazo no i
Evklid fazosi deyiladi va E
ko’rinishda belgilanadi.

Derivative

153

|
Ipous-

y= f (%) funksiyaning yuqeri



hosla va s and BOaHBIC M | tartibli differensiallad ham
differensiallar | differentia muddepen- | ketma — ket ravishda, mos
Is of LMaIbI hosilalari kabi aniglanadi:
higher | Beicumx | 43y =d(d2y)—uchinchi
orders TNOPAAKOB | tartibli differensial;
d"y=d(d"'y)- n-tartibli
differensial.
Matrisalar usuli | Matrix Marprunstit | x = 45 ifoda  chizigli
methodof |  cmoco6 | tenglamalar  sistemasining
system peuieHus | matritsalar  usuli  bilan
solutions cuctemst | yechish formulasi.
Tekislikning n- Obuee Ax+By+Cz+D=0
umumiy dimension | ypaBHeHme ko‘rinishidagi tenglama
tenglamasi al rwiockoctH | tekislikning umumiy
coordinate tenglamasi deyiladi.
space
R" |
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